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Abstract
The robust least squaremethod has been introduced in the literature as a new parameter
estimation technique to deal with the presence of data uncertainties. In this paper we
propose to use the robust least squaremethod combinedwith log-linear Cobb–Douglas
model as an alternative for developing forecast models. We first extend the robust least
square method to the case which allows uncertainties only in some columns of the
data matrix as well as to include weighting matrices on the past data observations
and on the uncertainties. Afterwards we compare the robust and ordinary least square
methods for the yearly estimate for the natural gas demand in Brazil, considering
the total demand as well as the industrial and power sectors demand. Regarding the
power sector case, a further contribution of the paper is to analyze the impact of the
reservoirs’ levels over the demand of natural gas by thermoelectric power plants in
an energy mix dominated by hydropower. Although both methods, the robust and the
ordinary least square, presented similar results, the robust approach gave a slightly
better result and presented reasonable long-run elasticities related to the demand of
natural in the country, indicating that can it be a good alternative to overcome the
difficulties associated with the use of short time series and unreliable data on the
forecast of energy consumption in emerging markets.
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1 Introduction

One of themajor challenges of today’s policymakers in the energy industry is to derive
mathematical models that can provide a good forecast for the energy sector demands in
a country, since thesemodels are essential for taking investment decisions in the energy
matrix expansion planning. Several forecast demandmethods in the energy sector have
been recently proposed in the literature, with some of them relying on a large amount
of past date for the calibration of the model (like hybrid forecasting models, see, for
instance [26,41,42]), and some others based on more traditional econometric models,
like the least square (LS) estimate combinedwith the log-linear Cobb–Douglas model.
The latter has been widely used for demand modeling due to its simplicity and easy
to implement characteristics.

As a small sample of recent works related to energy demandmodeling and forecast-
ing dealingwithmore elaboratedmethods, we canmention [4,21,37,40]. InRef. [4] the
authors use 3 patterns of ARIMA (Auto Regressive Integrated Moving Average) and
ANFIS (Adaptive Neuro Fuzzy Inference System)model to forecast the annual energy
consumption in Iran. In Refs. [21,37] the authors apply artificial neural networks for
the gas demand forecasting and in Ref. [40] a neural network-based grey forecasting
approach is employed for the electricity consumption prediction in the Asia–Pacific
region. The book [22] provides a general overview on energy demand forecasting
models employing hybridized evolutionary algorithms and intelligent analytical tools.
For papers based on econometric methods and the LS combined with the log-linear
Cobb–Douglas model we can mention [1,17,24,25,39]. In Ref. [1] the authors build
an econometric model of the Chinese energy economy based on the energy balance
to forecast Chinese energy consumption and imports to 2020. In Ref. [24] it is exam-
ined the role of natural gas consumption in the Turkish economic growth by using
an ARDL (Autoregressive Distributed Lag) model over the period of 1977–2008. An
econometric model to provide short and long-term dynamics of natural gas consump-
tion in Pakistan in presented in [25]. In Ref. [17] the authors present ARIMA models
to estimate short and long-run price and income elasticities of sectoral natural gas
demand in Turkey, and in [39] it is proposed a log-linear Cobb–Douglas model com-
bined with least square techniques to forecast the natural gas demand in Bangladesh.
A state-of-the-art survey of forecasting natural gas consumption can be found
in [36].

More recently the LS method has been extended to consider possible uncertainties
on the input parameters, which yielded to the so-called robust least square method
(RLS). For a literature review on RLSwe refer to [12,14,28,38] and references therein.
RLS is an application of the general robust optimization technique (see, for instance,
[5,28]), in which is it desired to consider optimization problemswith a certainmeasure
of robustness against uncertainties in the value of the parameters of the problem
and/or its solution. One major application of robust optimization has been in the
robust portfolio financial literature (see for instance [13,18,19,27]), and more recently
in the robust portfolio optimization for electricity planning (see [9]).

Initially we will present in Sect. 2 an extended version of the RLS method which
allows to deal with uncertainties only in some columns of the data matrix as well as to
include weighting matrices on the past data observations and on the uncertainties. It
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will be shown that this extended RLS problem can be written as a second order cone
programming (SOCP) so that robust optimization tools can be applied. After that we
propose to use the RLS method combined with the log-linear Cobb–Douglas model
as an alternative for developing forecast models.

One important example of forecasting models is in the natural gas (NG) industry,
which has been playing a strategic role in the world energy supply portfolio. The
expansion and consolidation of NG industry in the world is relatively recent compared
to the oil industry, and one of themain reasons for this increasing consumption is its low
environmental impact among fossil fuels. NG presents high thermal efficiency and its
main benefit is the lower environmental damage when compared to other fossil fuels.
NG emits less carbon dioxide (CO2), which in high concentration in the atmosphere
contributes to global warming, and does not emit particulate components, such as
sulfur, a harmful element to human health. For this reason, many authors consider the
NG a transition fuel from a fossil-based energy matrix to a matrix with predominance
of renewable energy [2,16,32]. Given the strategic role of NG in the energy supply
portfolio, many authors have been investigating the main drivers of NG demand in
order to find the best instruments to models that can forecast its demand. The main
supply and demand forecasts predict an important role for NG in the world’s energy
matrix. The International Energy Agency (IEA) estimates that the demand for NGwill
keep expanding, at least until 2020, with an annual average growth of 2.3%. This trend
is spurred specially by replacing other fossil fuels as coal and oil products. Brazil is
likely to follow the same trend since that, according to the Brazilian Energy Research
Company (EPE) forecasts, NG will have an average growth of 3.6% per year until
2050 [15,23]. On the other hand, the Brazilian 10-years energy expansion plan (see
[30], page 40) predicts an average growth of 2.42% per year until 2026. A reason
for this difference would be the possible increase in the NG production due to the
pre-salt.

Bearing in mind the above discussion on the NG strategic role, we will analyse the
results derived in this paper by applying the RLS technique to the yearly NG demand
in Brazil. The results will be compared with the ordinary least square method, using
the log-linear Cobb–Douglas model for the yearly estimate for the NG demand in
Brazil. It will be considered two main sectors, the industrial and power generation
sectors, as well as the total NG demand (including the industrial, energy, power gener-
ation, residencial, commercial and public, and transport sectors). It is well known that
the Brazilian power sector is highly dependent on hydroelectricity, leading to a high
vulnerability to droughts (see, for instance, [34]). As thermoelectric power is the main
alternative to deal with shortages of water supply, the expected supply of water seems
to be a key variable to improve the demand forecast for the power generation sector.
Due to that we replaced, in the Cobb–Douglas model for the NG power generation
demand forecast, the mean NG price by the annual average of the energy stored in the
Brazilian reservoirs. Notice that the available time series to calibrate the parameters
for the NG market in Brazil (as well as in several other emergent countries) present
few observations and uncertainty in the data. To deal with data uncertainty and short
time series, the RLS model is proposed, aiming to forecast the yearly demand of NG
in Brazil.
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In summary, the main novelties of this work are as described below:

• We extend the RLS to deal with uncertainties only in some columns of the data
matrix as well as to include weighting matrices on the past data observations and
on the uncertainties.

• We propose the RLS technique in the Cobb–Douglas model for the energy demand
forecasting. As far as the authors are aware of, the use of robust least square
methods for the energy demand modeling and forecasting as presented in this
paper had not been previously considered in the literature.

• We apply the RLS technique to forecast the yearly natural gas demand in Brazil
and compare it with the ordinary least square method.

• We analyze the impact of the reservoirs’ levels over the demand of natural gas by
thermoelectric power plants in an energy mix dominated by hydropower.

This paper is organized in the following way. In Sect. 2 we present the RLS proce-
dure, and its extension in Theorem 1 to consider uncertainties only in some columns of
the data matrix as well as to include weighting matrices on the past data observations
and on the uncertainties. In Sect. 3 the model based on the log-linear Cobb–Douglas
demand model is discussed. In Sect. 4 an overview of the NG consumption in Brazil
is presented. In Sect. 5 it is analyzed the specification of the model considering the
standard linear regression analysis. In Sect. 6 a comparison of the ordinary with the
robust least square model is performed. The robust and ordinary least square methods,
based on the results obtained in Sect. 6, are applied in Sect. 7 to forecast the total NG
demand from the years 2017 until 2026. The paper is concluded in Sect. 8 with some
final comments. Our final results indicate that the version of the robust least square
method which keeps fixed the columns of ones and considers a weighting matrix with
a smoothing on the past data represents a good alternative for the forecast of the NG
demand, since it allows more flexibility in the variation of the past date and gives more
priority to the recent information.

2 The robust least square problem

In this section we present the mathematical formulation of the RLS problem and the
extensions considered in this paper. We start by introducing some mathematical nota-
tion. Let Rm×n denote the space of m × n matrices, Rm the m-dimensional Euclidean
space (justR form = 1), and ‖.‖ either the Euclidean norm inRm or the induced spec-
tral norm in R

m×n (that is, for A ∈ R
m×n , ‖A‖ = λ

1/2
max (A′A) = λ

1/2
max (AA′) where

λmax (.) denotes the maximum eigenvalue and ′ denotes the transpose of a matrix or
vector).

Let A ∈ R
m×n be a given data matrix with m ≥ n and b ∈ R

m be a given output
vector, with A and b linearly related through an unknown vector x ∈ R

n and the
equation b = Ax + w, where w ∈ R

m represents the measurement noise that yields
to a mismatch between Ax and the vector b. Under the ordinary least square method
the vector x is estimated by solving the minimization problem

min
x∈Rn

‖Ax − b‖. (1)
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But what can be said if the data matrix A and the output vector b are subject to
uncertainties? In order to answer this question we first need to define the uncertainty
set affecting the data matrixA and the output vector b. For this we consider, for ρ ≥ 0,
the set

Uρ = {[ΔA Δb];ΔA ∈ R
m×n, Δb ∈ R

n and ‖[ΔA Δb]‖ ≤ ρ}.

Weassume now that the real datamatrix isA+ΔA and the real output vector is b+Δb,
where A and b are known and the uncertainties [ΔA Δb] belong to Uρ . As pointed
out in [38] the uncertainty on the model parameters may significantly degrade the
performances of the classical LS estimators, especially when the perturbations on the
data matrix and the output vector are relatively high. In order to obtain a satisfactory
performance taking into account such perturbations it was proposed the so-called RLS
problem, in which one is interested in solving the following min-max optimization
problem (see for instance [12,14,28,38]):

min
x∈Rn

max‖[ΔA Δb]‖≤ρ
‖(A + ΔA)x − (b + Δb)‖, (2)

where, for notational simplicity, we write ‖[ΔA Δb]‖ ≤ ρ meaning that [ΔA Δb] ∈
Uρ . Notice that for ρ = 0, problem (2) reduces to the ordinary least square seen in
(1) since, in this case, we can only have ΔA = 0 and Δb = 0. Uncertainties as
defined in Uρ are usually called norm bounded uncertainties (or errors), and have been
extensively used in the robust optimization literature, in particular for RLS problems
(see, for instance, [8,12,28,35,38]) since it allows to derive several analytical results as
well as numerical algorithms implementable through the available convexoptimization
tools. This generic framework can model several real-life applications, which require
parameter estimation in the presence of bounded data uncertainties. For instance,
as pointed out in [38], this setup models realistic channel equalization scenarios,
where the data matrix represents a communication channel and the data vector is the
transmitted information. Some other applications under the RLS framework can be
found, for instance, in [8,11,35].

Under the norm bound constraint ‖[ΔA Δb]‖ ≤ ρ it is not possible to force some
of the columns ofΔA to be zero (recall that any [ΔA Δb] ∈ Uρ is an admissiblematrix
and vector uncertainty to A and b) so that, in order to allow this, we consider in this
paper a generalization of problem (2) by assuming that matrix A can be decomposed
as

A = [
A1 A2

]
, A1 ∈ R

m×n1 , A2 ∈ R
m×n2 , n1 + n2 = n, n1 ≥ 0, n2 ≥ 0, (3)

and only A2 is subject to uncertainties. This is the case, for instance, when one has
a constant in the regression, so that the first column of A would be a vector of ones.
Moreover non-singular weighting matricesW ∈ R

m×m to incorporate a smoothing on
the past data, and Γ ∈ R

n2+1×n2+1 to allow a weighting on the uncertainty matrices
[ΔA2 Δb] are also analyzed, so that the minimization problem expressed in (2) is
re-written now as
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min
x∈Rn

max
‖W[ΔA2 Δb]Γ −1‖≤ρ

‖W(
A1x1 + (A2 + ΔA2)x2 − (b + Δb)

)‖, (4)

where x is decomposed accordingly as

x =
(
x1
x2

)
, x1 ∈ R

n1 , x2 ∈ R
n2 .

For instance, if diagonal matrices W = diag(wi ) and = diag(γ j ), wi > 0, γ j > 0,
i = 1, . . . ,m, j = 1, . . . , n2 + 1, are used, then in the norm bounded restriction
of problem (4) it would correspond to multiplying the i th row (associated to the i th
observation) by the weight wi and the j th column (associated to the uncertainties
related to the j th variable) by the weight 1

γ j
. By consideringA1 = 0,A2 = A,ΔA2 =

ΔA, W = I and = I the constraints of the problem (4) would be ‖ [
ΔA Δb

] ‖ ≤ ρ,
which retrieves problem (2). We have the following result that generalizes Theorem
3.1 in [12]:

Theorem 1 We have that

max
‖W[ΔA2 Δb]Γ −1‖≤ρ

‖W(
A1x1 + (A2 + ΔA2)x2 − (b + Δb)

)‖

= ‖W(Ax − b)‖ + ρ‖ Γ

[
x2
-1

]
‖. (5)

Proof See the “Appendix”.

From (5), problem (4) can be re-written as

min
x∈Rn

{
‖W(Ax − b)‖ + ρ‖

[
x2
−1

]
‖
}
. (6)

The goal now is to show that problem (6) can bewritten as a SOCP (see the “Appendix”
for the definition of a SCOP), so that it can be solved through the available optimization
tools for this class of problems (see, for instance, [28]). For this consider S ∈ R

n2+1×n2

and u ∈ R
n2+1 such that Γ can be decomposed as Γ = [

S u
]
and defineM = S

[
0 I

]
,

where 0 represents here the null matrix in Rn2×n1 and I the identity matrix in Rn2×n2 ,
so that M ∈ R

n2+1×n . We get that

Γ

[
x2
−1

]
= [

S u
] [[

0 I
]
x

−1

]
= Mx − u.

Thus problem (6) can be equivalently written as

z∗ := min
x∈Rn

{
‖W(Ax − b)‖ + ρ‖Mx − u‖

}
. (7)
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Notice now that problem (7) is equivalent to the following SOCP:

λ∗ := min
λ,ξ∈R,x∈Rn

λ subject to ‖W(Ax − b)‖ ≤ λ − ξ, ρ‖M x − u‖ ≤ ξ. (8)

Indeed, since in (8) it is desired to minimize λ, it is always worth taking λ = ‖W(Ax−
b)‖ + ξ ≥ ‖W(Ax − b)‖ + ρ‖Mx − u‖, so that λ ≥ z∗ and by taking the minimum
in (8) we end up with λ∗ ≥ z∗. On the other hand, for any x ∈ R

n we have that
ξ = ρ‖M x − u‖ and λ = ‖W(Ax − b)‖ + ρ‖Mx − u‖ is feasible to problem (8),
which yields to λ∗ ≤ z∗. Thus we have that λ∗ = z∗.

3 The Cobb–Douglas forecastingmodel

We consider the following demand forecast log-linear Cobb–Douglas model (see, for
instance, [39]):

Dt = C0P
α
t G

β
t S

γ
t (9)

where

(1) Dt represents the demand at year t (for the NG case, in 103m3).
(2) Pt represents the mean price along a year at year t (for the NG case, in US$ per

103m3)
(3) Gt represents the gross domestic product (GDP) at the year t , in US$.
(4) St represents the population of the country at year t , in millions.

Regarding the application for the power generation NG demand in Brazil that we
will consider in the following sections, an alternative Cobb–Douglas for the power
generation sector is proposed in this paper which considers the annual average of the
energy stored in the Brazilian reservoirs (inMW-month) instead of the mean NG price
along a year, bearing in mind that the Brazilian power sector is highly dependent on
hydroelectricity, and that thermoelectric power is the main alternative to deal with
shortages of water supply.

Taking the log in (9) we get the model

log(Dt ) = c0 + α log(Pt ) + β log(Gt ) + γ log(St ) + wt (10)

where wt represents an error term, and c0 = log(C0), μk , α, β, γ are the parameters
to be estimated. As pointed out in [17] the static model (10) doesn’t make a distinction
between short and long-run elasticities, so that a dynamic version of the model (10),
called “partial adjustmentmodel”, can be used instead in order to capture short-run and
long-run reactions separately. As explained in [17], considering a long-run equilibrium
demand D′

t , not directly observable, satisfying the equation

log(D′
t ) = c′

0 + α′ log(Pt ) + β ′ log(Gt ) + γ ′ log(St ) + w′
t (11)

with the adjustment to the equilibrium demand verifying the equation

log(Dt ) − log(Dt−1) = δ(log(D′
t ) − log(Dt−1)) (12)
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we end-up, by combining (11) with (12), that the short-term model will be given by

log(Dt ) = c0 + α log(Pt ) + β log(Gt ) + γ log(St ) + μ1 log(Dt−1) + wt (13)

where α = δα′, β = δβ ′, γ = δγ ′, are the short-term elasticities, c0 = δc′
0, and

μ1 = 1 − δ, wt = δw′
t .

We will adopt model (13) in the next sections for the NG demand in Brazil and
compare the ordinary and robust least square problem, as presented in (8), in order to
obtain an estimation of the parameters c0, α, β, γ , μ1.

4 Natural gas consumption in Brazil

Natural Gas is a relatively new and concentrated market in Brazil. Changes in energy
policy towards the incorporation of NG as a strategic element paved the way for a great
jump in share of gas in theBrazilian energymatrix. The combination of policies in both
supply and demand sides increased the supply of the energy and the consumption in
different sectors of the economy. It is possible to observe the evolution of both the share
of NG in the national energy matrix (right axis) and the volume of its consumption in
the last decades (left axis) in Fig. 1. NG share went from practically 0% in the 1980s to
14% of the domestic energy supply in 2015. In recent years, between 2006 and 2016,
the total consumption of NG raised 67%, i.e from 22 billion to 37 billion m3 per year,
reaching a peak of 43 billion m3 in 2014 [29].

Institutionally, NGmarket in Brazil is highly regulated, concentrated and vertically
integrated. The federal level regulates the production, transportation, importation and
its main player is the Petrobras (Petróleo Brasileiro S.A.), a state oil and gas com-

Fig. 1 Share of NG in the national energy matrix vs. total consumption, from 1970 to 2016, in millions of
m3. Source: [29]
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Fig. 2 Total consumption of natural gas by sector, from 1970 to 2016, in millions of m3. Source: [29]

pany responsible for the supply and logistics of petroleum products and NG, while
the subnational levels regulate local services of NG distribution. Petrobras produces
nearly 90% of the fuel and controls 100% of NG imports. The company also oper-
ates 38 NG processing plants and controls 20 out of 24 distribution companies. The
new regulatory model tries to stimulate competition and the infrastructure of the NG
industry through the implementation of Law 11,909/2009 [3]. However, if in one hand
such concentration prevents the fully deployment of the market, on the other hand
Petrobras market power was an essential player in early stages of the industry for both
to assure the supply and the demand. The company led initial heavy investments in
order to develop the infrastructure and also created incentives to different economic
sectors to stimulate the demand.

On the supply side, the increase in GN consumption is directly related to the new
infrastructure and the rise of proven reserves. It was only in the 1990s, with the
construction and operation of the Brazil-Bolivia gas pipeline (Gasbol), that NGmarket
became relevant for the Brazilian economy. Gasbol is a 3150 km long gas pipeline
which links the city of Santa Cruz de la Sierra in Bolivia to the city of Canoas in south
of Brazil. Its construction began in 1996 and started operating in 1999. The pipeline
supplies gas to the Midwest, Southeast and Southern regions of Brazil, currently
providing 28 million m3/day. Regarding the reserves, Petrobras started producing
NG commercially in the late 1980s, in the Campos Basin, and during the 1990 and
2000 decade the company started exploring new fields of Oil and Gas in deep water,
which increased significantly the offshore reserves. In 2008, Petrobras announced the
discovery of huge volume of oil and gas reserves in the pre-salt layer [7,20].

The new stable and continuous NG supply scenario changed, not only the share of
NG in the energy matrix, but also the consumption of the economic sectors in Brazil.
In Fig. 2 it can be observed that until 2000 the NG demand was concentrated in the
industrial sector. The diversification of NG end use was boosted by (1) Petrobras Mas-
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Fig. 3 Industrial sector energy matrix, 1970–2016. Source: [29]

sification Program for the Use of Natural Gas; (2) by the government Thermoelectric
Priority Program to incentive NG thermoelectric generation; and (3) by sub-national
fiscal programs, aiming to incentive compressed NG for vehicles. As a result, the vol-
ume of consumption of other all sectors, including residential, commercial, transport
and energy increased expressively [2].

Industrial and power generation were the two main sectors with the highest growth
rate. The industrial sector went from a consumption level of about 2 billion m3 per
year in the early 1990s to approximately 11 billion m3 in the mid-2010s. The power
generation sector grew even more expressively in the same period. Its consumption
soared from less than 200 million m3 in the 1990s to around 15 billion m3 due to the
insertion of thermoelectric plants into the Brazilian energy matrix [29].

In the Brazilian industrial sector, NG demand is concentrated in a few energy-
intensive sub-sectors such as chemical (23%) , metallurgical (17%) , ceramic (14%)
and pulp and paper industries (9%) [29]. In Fig. 3 it is possible to see that NG increased
its share in the energy matrix of the industrial sector. However, other primary energy
sources, as electricity and sugarcane bagasse, still represent the main source of energy.
This reflects the specificities of Brazilian industrial sector. Important energy-intensive
sub-sectors, such as the aluminum industry and the steel industry, demand specific
energy sources, as electricity and coal. There are two factors that prevent intense use
ofNG in national industrial sector: (1) relative low costs of the hydroelectric generation
which contributed to the predominance of electricity in the energy matrix; and (2) lack
of infrastructure access of potential users of NG in the industrial sector [2,6]. Thus, the
industrialmarket has a strong expansion potential. Its characteristics of relatively stable
demand and the large volume per consumer could contribute to anchor the demand and
make feasible the expansion of transportation and distribution infrastructure, which
makes this sector strategic for the development of the NG industry.
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4.1 Power generation sector

The thermoelectric sector had the greatest relative growth in recent years. This remark-
able growth in gas consumption is related to investments made in the scope of the PPT
(Thermoelectric Priority Program) and also to institutional reforms in the electricity
sector since 2004. The PPT was developed in 2001 within the context of diversifica-
tion of the energy matrix, increase the security of the electricity supply, and in the
development of Gasbol. Although only part of the investments originally planned by
the PPT were carried out, it represented a great increase in the consumption of NG
by the electric sector during the decade [7,20]. Regarding the institutional reforms,
the crisis in the electricity sector in 2001 required some changes in the regulatory
framework that created a favorable environment for the expansion of the NG ther-
moelectric generation. Brazilian government started structuring energy auctions by
type of fuel and by cost of acquisition. Thus, by December 2016 there were 20 NG
thermoelectric plants connected to the Integrated National Electric System (SIN), 1
under construction and 4 planned, reaching 12 GW of installed power [2,31].

Besides the PPT, which was responsible for approximately 6000 MW of NG fired
thermoelectric power plants, in the last 10 years, further 9374 MW were contracted
through regulated contracting environment electricity procurement auctions (power
purchase agreements between distribution companies and independent power produc-
ers), being 1628 from LNG, some already in commercial operation and others with
COD until 2023. The growth of the share of NG in the Brazilian electricity matrix is
due to the need to meet demand growth with restrictions to new hydroelectric plants,
since the remaining hydro supply is in the Amazon region, as well as to increase
the quality of electricity due to the seasonality and intermittence of new renewables,
such as wind, biomass from sugarcane and photovoltaic, generating sources that have
shown rapid growth in recent years.

4.2 Residential, commercial and transport sectors

We will consider in our study, besides the industrial and power generation sectors,
the total gas demand which will also include the energy, residential, commercial and
transportation segments. The residential, commercial and transportation segments are
extremely sensitive to the development of an appropriate distribution network, so the
consumption of these sectors is very low compared to the industrial, power generation,
and energy sectors. The small consumption of NG in the residential and commercial
sector can be explained by climatic factors, which reduces the need for the use of NG
for heating; high subsidies to liquefied petroleum gas (LPG), mainly used for cooking,
and high costs of investment for the installation of gas pipes in dwellings already built
[2,7]. The commercial segment has a great market potential though. Among the main
opportunities for NG use are: (1) cooling air; (2) replacement of LPG used for cooking
and (3) heating water. In commercial buildings, hotels and malls the key to expand
consumption could be cogeneration systems. The main obstacle is the competition
with electricity prices. In the transport sector, the consumption of compressed natural
gas (CNG) for vehicles started in the 1990s and peaked in the 2008. This was a result
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of the combination of the Petrobras Massification Program for the use of NG and sub-
national tax incentives that reduced vehicle tax for converted NG vehicles. However,
after the global economic crisis in 2008, Petrobras changed its NG pricing policy and
as consequence increased CNG prices. This fuel became less competitive compared
to other fuels, especially to ethanol. Additionally, the sales expansion of flex-fuel
vehicles discourage investments in conversions to CNG since flex-fuel does not need
additional conversion investments [3,31].

Hence NG is a growing market with great potential of expansion in many sectors
of the economy and requires many studies to open the bottlenecks of the industry and
promote its development. Such goals require appropriate tools to deal with short time
series, typical of new markets in developing countries as the NG market in Brazil.
In the next sections a model that deals with this short data series and uncertainty in
the parameters is presented and compared with the traditional ordinary least square
method.

5 Linear regression analysis

In this study, the average NG price, the total GDP, the population and the energy
stored in the Brazilian reservoirs are used as explanatory variables, or covariates, in
the forecasting model. The first three were collected from [29] and the last one was
obtained from [33] which was available only from the year 1996. As pointed out in
[29], the average NG price, before 1994, corresponds to the sale prices of Petrobras to
the industrial consumers, and from 1995 on, quotations of industries of some states in
Brazil. The plot of the total GDP versus the years from 1970 until 2016 is presented
in Fig. 4a. Similarly the Brazilian population from the years 1970 up to 2016 is shown
in Fig. 4b. The average NG gas price in Brazil from 1977 up to 2016, is presented
in Fig. 4c. Finally the annual average energy stored in the Brazilian reservoirs in the
period of 1996 up to 2016 is shown in Fig. 4d.

This section discusses the specification of the model considering the standard linear
regression analysis. All the available data are used in this analysis, noticing however
that for the total and industrial NG demands, the time series starts at the year 1977
due to the lack of data for the average NG price before this year. For the same reason
the time series of the power generation NG demand starts at 1996 due to the energy
stored lack of data. The parameter estimates of the linear model, the corresponding
standard error (in parenthesis) and some statistics model diagnoses are summarized
in Table 1, considering the logarithmic version of the model as in (13).

The positive signals for the coefficients related to the population and GDP, γ and
β respectively (except the GDP for the power sector) make sense from the economic
point of view, since it is expected an increase in the NG demand as the population
and development of the economy increase. Regarding the coefficient α, (related to the
average NG price for the total and industrial NG demands, and the reservoirs’ stored
energy for the power sector), it would be expected from the economic point of view a
negative signal as the increase in the price (reservoirs’ stored energy) could reduce the
NG demand. This is in fact what we can observe in Table 1. The diagnoses statistics
presented in Table 1 indicate a goodness of fit of the models.
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Fig. 4 Plot of the yearly explanatory variables considered in the forecast models

Table 1 Parameter estimates and statistics model diagnoses for the total NG demand, and for the power
and industrial sectors

Explanatory variables Total NG demand Sector

Model 1 Model 2 Power Industrial

Constant (c0) − 7.363 (4.584) − 7.359 (4.071) − 38.659 (24.40) − 17.521 (5.023)

Population (γ ) 0.967 (0.718) 0.967 (0.662) 10.253 (10.69) 2.483 (0.860)

Price/Stor.Energy*(α) − 0.0001 (0.053) – − 0.466∗ (0.309) − 0.163 (0.049)

GDP (β) 0.329 (0.388) 0.328 (0.291) − 0.340 (2.569) 0.668 (0.315)

Lag (μ1) 0.750 (0.112) 0.750 (0.110) 0.460 (0.268) 0.511 (0.129)

Statistics diagnoses

R2 0.9922 0.9922 0.9351 0.9951

σ̂ 2 0.0130 0.0126 0.1433 0.0087

The tradeoff between the adequacy of the model to the economic reality and the
statistical significance of the parameters guided the choice of the explanatory variables.
The null hypothesis that was considered in Table 1 was H0 : β = γ = α = μ1 = 0.
As the coefficient of the price for the Total NG Demand is practically null, it was
suppressed from the original model (Model 1) and estimates of the parameters of the
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new model, namely Model 2, were obtained (see Table 1). From the economic point
of view it is important to notice that the total demand aggregates alternative end uses
for natural gas. Thus the choice of the price data from an specific sector (industrial
in our case) is not expected to explain the behavior of the total NG demand. For the
power sector, some hypotheses were not rejected, but the corresponding variables were
considered in the model both for comparative purpose, analyzing the strength of each
explanatory variables, and to maintain coherence from the economical point of view.
All the null hypotheses were rejected for the industrial sector.

The comparison with the robust least square model will be performed in the next
section, bearing in mind that only short time series are available.

6 Robust versus ordinary least squaremodels

The goal of this section is to compare the robust (RLS) and ordinary least square
(LS) models by analyzing the performance metric obtained from the mean absolute
errors (MAD) of the methods. For this aim, the following data and methodology were
considered:

(1) Data for Dt , Pt , Gt and St were collected from [29] and [33] for the years t0
up to 2016, where t0 depends on the model. For the total NG demand and the
industrial NG demand models, the time series starts at t0 = 1970 and t0 = 1977
respectively, and for the power generation NG demand model, at t0 = 1996. The
choice of t0 was due to data availability.

(2) At the year t − 1 the parameters for the model (10) were estimated, using the
LS and the RLS methods. With these estimated parameters and the explanatory
variables at time t a forecast for the NG demand at the year t using the model
(10) was obtained. In this way, the estimated NG demand and the explanatory
variables at the year t were not used in the calibration of the parameters for the
model (10). Moreover, the data used for the previous parameter estimations were
not discarded, so that the number of data increases along the time.

(3) At each year t the forecasts obtained from the LS (denoted by D̂LS
t ) and RLS

method (denoted by D̂RLS
t ) were compared with the real observed value Dt .

This was done by calculating the modulus of the residual errors |Dt − D̂LS
t |,

|Dt − D̂RLS
t |. With these values we calculated theMAD for each method, denoted

respectively by MADLS and MADRLS , where MADLS = 1
T

∑T
t=1 |Dt − D̂LS

t |,
MADRLS = 1

T

∑T
t=1 |Dt − D̂RLS

t |, and T represents the number of years con-
sidered for the back-test.

(4) The forecasts started at the year 1993 for the total and industrial NG models, and
2005 for the power sector, and ended at the year 2016 (hence the prediction for
the year 2016 used the explanatory variables and NG demand variable up to the
year 2015). In this way, the size of training for the total NG demand ranged from
23 up to 46 observations, for the industrial sector from 16 up to 39 observations,
and for the power sector from 9 up to 20 observations. Morever the methods were
back-tested during T = 24 years for the total and industrial NG models, and
T = 12 years for the power sector model.
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For the RLS method we analyzed two situations. In one case, referred to as RLS0,
we considered uncertainties in all the parameters (so A1 = 0 and A2 = A in (3)). In
the second case, referred to as RLS1, we considered A1 as the column of ones, thus
associated to the constant term. We considered ρ = 0.01 for both cases for the RLS
problem defined in (2). This choice was made after testing several values for ρ and
selecting the one that yielded the lowest value for the MAD. Regarding the weighting
matricesW > 0 and Γ > 0 in Sect. 2, we fixed Γ equal to the identity matrix and set
W = diag{wi }, a diagonal matrix with the entry wi = e−α(t f −i), where t f represents
the number of years being considered for the estimation of the parameters, so that
the more recent data will be given a higher weight. Notice that this weighting matrix
can also be considered in the LS method. Indeed, using the notation as in Sect. 2,
W = diag{wi } as above, and denoting by V(t) the t th row of a matriz V or the t th
element of a vector V, we have that the LS method with the weighting matrix W
corresponds to minimizing in x the equation

‖W(b − Ax)‖2 =
t f∑

t=1

e−2α(t f −t)(b(t) − A(t)x)2. (14)

Likewise, for the robust case, the minimization problem in (4) can be re-written as

min
x∈Rn

max‖W[ΔA2 Δb]‖≤ρ

t f∑

t=1

e−2α(t f −t)((b(t) + Δb(t)) − (A1(t)x1 + (A2(t) + ΔA2(t))x2))2.

(15)
For the simulations below we denote:

(C1) the case in which the matrix W is equal to the identity matrix and
(C2) the case in which W = diag{wi }, see (14) and (15). For the total NG demand

and industrial cases, which havemore available data (total of respectively 47 and
40 years of data), we adopted the exponential smoothing coefficient α = 0.01,
while for the power sector, which has less available data (total of 21 years of
data), we have taken, in order to enhance the role of the discount factor, α = 0.1.
Again the choice of these parameters was made after testing several possibilities
and taken the ones with the lowest MAD.

The values of the MAD for the methods RLS0, RLS1 and LS are shown in Table 2
for all sectors, considering the two cases (C1) and (C2) as the weighting matrixW. For
the total NG demand and for the industrial and power sectors, case (C2) yielded the
lowestMAD and thus the next comments apply only for this case. For the total demand
and power sector method RLS1 provides the lowestMAD, but for the industrial sector,
the lowest MAD value is for the method RLS0.

The parameters estimates by using the LS and RLS methods for the year 2016,
considering the case (C2) as the weighting matrices are presented in Table 3. For the
total demand and for the industrial and power sectors, the estimated parameters for the
LS and RLS1 methods are very close, while the method RLS0 presented a significant
difference with respect to all the parameters, specially the one related to the parameter
c0. This difference is expected since c0 is related to the constant value, equal to 1 for
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Table 2 Mean absolute errors for the methods LS, RLS1, RLS0, and for the total NG demand and for the
power and industrial sectors, considering cases (C1) and (C2)

Sector Case Weight matrix LS RLS1 RLS0

Total (C1) I 1882.9 1872.3 1999.4

(C2) diag{wi } 1864.8 1857.6 2004.9

Power (C1) I 5889.6 5501.7 4984.3

(C2) diag{wi } 4657.5 3353.0 4375.8

Industrial (C1) I 690.9 654.7 535.5

(C2) diag{wi } 658.1 630.7 517.8

Table 3 Parameter estimates obtained for the year 2016, considering Case (C2), for the total NG demand,
and for the power and industrial sectors

Sector Covariates LS RLS1 RLS0

Total Constant (c0) −10.1024 (3.6128)* −9.4384 (3.578)* − 1.5112

Population (γ ) 1.3063 (0.5642)* 1.1359 (0.4806)* 0.5306

GDP (β) 0.4480 (0.2525) 0.4479 (0.2470) − 0.0085

Lag (μ1) 0.6695 (0.0961)* 0.6929 (0.0949)* 0.8908

Power Constant (c0) −47.6179 (14.1458)* −41.7246 (14.7820)* − 3.9844

Population (γ ) 2.447 (5.6094) 1.0194 (1.6896) − 5.2435

St.Energy (α) −0.6785 (0.1771)* −0.6565 (0.3352)* − 0.6670

GDP (β) 3.3697 (1.2968)* 3.4254 (0.9270)* 2.9208

Lag (μ1) 0.2016 (0.1582) 0.2652 (0.1746) 0.5996

Industrial Constant (c0) −14.2348 (4.5315)* −12.5839 (5.1111)* − 1.1191

Population (γ ) 1.9810 (0.7921)* 1.5534 (0.8727) 0.4848

Price (α) −0.1468 (0.0456)* −0.1424 (0.0501)* − 0.0556

GDP (β) 0.5639 (0.2917) 0.5686 (0.3459) − 0.0212

Lag (μ1) 0.5995 (0.1168)* 0.6554 (0.1275)* 0.9167

the LS and RLS1 methods in the designmatrix, while it can vary for themethod RLS0.
Thus this can cause a great influence in the estimation of all the parameters. Due to
that, the standard errors (shown in the parenthesis) are only calculated for the LS and
RLS1 methods. For the RLS1 method they were obtained by a bootstrap procedure
[10]. Like in Sect. 5, the null hypothesis H0 : c0 = γ = α = β = μ1 = 0 can also be
tested using the estimates from the robust least square procedures. The cases in which
the null hypothesis is rejected are marked by ∗ in Table 3.

For the total demand, the signals for the estimated parameters β (GDP) and γ (pop-
ulation) for the methods (RLS1 and LS) are positive, which are coherent from the
economic point of view (see Sect. 5). But the method RLS0 provides an incoherent
negative value for β which is counter-intuitive. For the power demand, the signals
related to the population (γ , positive), stored energy (α, negative), and GDP (β, pos-
itive) are in agreement with the economic reasoning for methods LS and RLS1 (see
Sect. 5). For the method RLS0 the negative signal for γ is counter-intuitive. For the
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Fig. 5 Yearly demand for the total NG and for the power and industrial sectors, the real data and estimations
considering Case (C2)

industrial demand, the signals of the coefficient estimates for the methods RL1 and
LS are as expected, while for the method RL0 the signal for the parameter β (related
to the GDP) is opposite of what would be expected (negative, while from an economic
reasoning it should be positive).

The estimations D̂LS
t , D̂RL0

t , D̂RL1
t provided respectively by the LS, RL0, and

RLS1 methods, as well as the real observed data Dt for the total NG and the power
and industrial sectors demand versus the year t are shown in Fig. 5. The three meth-
ods yielded very close estimated values, as expected from the analysis for the MAD
presented in Table 2. We notice a sharp fall in the total NG demand (see Fig. 5a) and
industrial (see Fig. 5c) NG consumption in the year 2009, due to the international eco-
nomic crisis, that was not captured by the three methods. This fall in the consumption
also yielded a forecast error in the next year 2010, as shown in Fig. 5a. In the years
2015 and 2016, due to the deep economic crisis in Brazil, a greater difference from
the predictions on the estimates and the real total NG demand is observed. The NG
demand estimates for the power sector for the three methods present a sharp increase
in 2014 (see Fig. 5b), maybe due to the fall in the energy stored in the reservoirs,
which turned out not occurring for the real observed NG demand. Apart from these
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Table 4 Short-run and long-run elasticities for the total NG demand and for the NG demand for the power
and industrial sectors, considering case (C2)

Sector Covariates LS Short RLS1 Short LS Long RLS1 Long

Total NG Population 1.3063 1.1359 3.9526 3.6991

GDP 0.4480 0.4479 1.3557 1.4584

Power Population 2.447 1.0194 3.0648 1.3874

Stored energy − 0.6785 −0.6565 − 0.8498 −0.8934

GDP 3.3697 3.4254 4.2205 4.6617

Industrial Population 1.981 1.5534 4.9462 4.5084

Price − 0.1468 −0.1424 − 0.3665 −0.4132

GDP 0.5639 0.5686 1.4080 1.6503

periods, the one-year forecast for the three methods tracks reasonable well the real
consumption.

We can see from the results above that the exponential smoothing weighting matrix
yielded to a lower MAD for all the methods considering the industrial and power
sectors, as well as the total NG demand. These simulations indicate that the smoothing
of the past data had a positive effect in the forecast results of the methods.With respect
to RLS0, RLS1 and LS methods, we observed that RLS1 and LS presented similar
MAD values, with a slight advantage for the RLS1, specially considering the power
and industrial sectors (outperformed the LS method by respectively 29% and 4%).
The signals for the coefficients were as expected from the economic point of view.
Indeed, the demand for NG should be expected to increase as the population and GDP
grow, and decrease as the stored energy in the hydroelectric reservoirs diminishes. For
the method RLS0 we noticed that it presented greater variations in the MAD values
and counter-intuitive economic meaning for some of the estimated parameter signals.
This is probably due to the fact that the RLS1 (and LS) assumes no uncertainty on
the constant value, being thus more conservative than the RLS0 method, which also
allows variations in this parameter. Due to that, we discarded the RLS0 method and
only kept the RLS1 and LS methods to make the forecast of the NG demand for 10
years, to be presented in the next section.

Regarding the elasticities, Table 4 shows the short-run and long-run elasticities for
the methods RLS1 and LS. Apart from the population variable in the power sector the
results for the short and long-run elasticities are very close for the methods RLS1 and
LS. As pointed out in [39], in developing countries the income elasticity for the total
NG demand tends to be larger than those in the developed countries and it was found in
some of these developing countries that the income elasticity was larger than the unity
(as, for instance, the long-run income elasticity of natural gas demand in Bangladesh,
found to be 1.47). In this sense our results in Table 4 regarding the long-run elaticity
for the GDP (around 1.4) are consistent with the current literature. The impact of a
GDP or population increase for the industrial, power and total NG consumption in the
long-run is higher than in the short-run, as can be seen from Table 4.
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Fig. 6 Forecast for the totalNGdemand considering differentBrazilianGDP inputs. The star line and dashed
line represent the forecasts applying methods RLS1 and LS respectively using as input the Brazilian GDP
forecast as in [30]. The plus line and solid line represent the forecasts applying methods RLS1 and LS
respectively using as input the mean value of the Brazilian GDP in the years 2011–2016

7 Forecast for the NG demand

In this section we apply the methods RLS1 and LS to forecast the total NG demand
from the years 2017 until 2026. For the explanatory variables related to the population
and GDP we used the data presented in [30], which corresponds to a mean growth of
0.61%per year for the population and 2.82%per year for theGDP. For theGDPwe also
considered the mean value obtained from the years 2011–2016, which corresponds
respectively to 4%, 1.9%, 3%, 0.5%, − 3.8%, − 3.5% (the recession period), yielding
to a lower mean value of 0.51%.We show in Fig. 6 the graphic with the forecasted NG
demand using the methods RLS1 in the star line (plus line) and LS in the dashed line
(solid line) for the Brazilian GDP forecast according to [30] (respectively, according
to the mean value of 0.51% from the years 2011–2016). From the graphic we see
that the forecasts for the RLS1 and LS methods are very close for both GDPs. For
the higher GPD (respectively lower GDP) the RLS1 forecasts an increase in the NG
demand of 88.98% (47.57%) in 10 years, an average growth of 6.57% (3.97%) per
year, while the LS method forecasts an increase of 88.53% (48.75%) in the same
period, an average growth of 6.55% (4.05%). Both estimates are higher than the
official estimate from the Brazilian 10-years energy expansion plan (see [30]), which
predicts an average growth of 2.42% per year until 2026. According to [30], even
before the economic crisis in Brazil, there was a slowing of the growth expectations
of the NG market in the successive revisions of the Brazilian ten year planning, due
to the loss of competitiveness of the natural gas when compared to competing energy
companies. But according to our analysis, even in a scenario of low growth, it seems
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that an average growth of 2.42% per year until 2026 as predicted in [30] seems modest
and a value at around 4%, closer to the average growth of 3.6% per year forecasted in
[15,23] until 2050, seems more reasonable.

8 Conclusions

In this paper we have proposed the robust least square method using the log-linear
Cobb–Douglasmodel as an alternative for developing energy forecastmodels. Initially
we presented an extension of the robust least squaremethodwhich allows uncertainties
only in some columns of the data matrixA as well as to include weighting matricesW
on the past data observations, and Γ on the uncertainties ΔA. It was shown that this
problem can be written as a second order cone programming (SOCP) so that robust
optimization tools can be applied. In the sequel we compared the ordinary and robust
least square methods using the log-linear Cobb–Douglas model. We considered the
yearly estimate for the NG demand in Brazil in 2 sectors, industrial and power sectors,
as well as for the total NG demand. Regarding the power sector, we have replaced in
the Cobb–Douglas model the usual explanatory variable related to the NG price by
the annual average of the energy stored in the Brazilian reservoirs, bearing in mind
that Brazilian power sector is highly dependent on hydroelectricity. This dependence
leads to a high vulnerability to droughts, and the thermoelectric power is the main
alternative to deal with these shortages of water supply. To compare the ordinary least
square with the robust least square method we fixed Γ = I and considered 2 cases
for the weighting matrixW, the identity matrix and a weighting diagonal matrix, with
weights giving more relevance for the most recent data (see Eqs. (14) and (15)). Two
versions of the robust least square method were considered, one with uncertainties in
all input parameters A and b, and the other with no uncertainties on the column of
ones associated to the constant value of the model.

Regarding the weighting matrix W, from the simulations in Sect. 6 we can see
that the case (C2) (giving a higher weight for more recent data) presented the lowest
MAD for all the cases. Thus from the set of simulations we performed, the best choice
regarding the minimization of the MAD is to use a weighting matrix W that gives a
higher weight for more recent data. Notice that even considering just the LS method,
smoothing the data with the weighting matrix W provided lower MAD results. With
respect to RLS0, RLS1 and LS methods, we observed that RLS1 and LS presented
similar MAD values, and signals for the coefficients in agreement with the economic
expectations. On the other hand, the RLS0 method presented greater variations in the
MAD values and counter-intuitive economic meaning of the signals. This is probably
due to the fact that in the RLS1 (and LS) the constant value is fixed to one, being
thus more conservative than the RLS0 method, which also allows variations in this
parameter. Due to that, we discarded the RLS0 method and only kept the RLS1 and LS
methods to evaluate the long-run elasticities and make the forecast of the NG demand
in 10 years.

We presented in Sect. 7 a forecast for the total NG demand from the years 2017
until 2026. We observed that the forecast presented by both methods were very close
to each other. It is worth noticing that an increase of around 27% of the total NG
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demand in 10 years, as forecasted in [30], seems rather conservative and could lead to
misleading policies. According to our analysis, with a low economic growth, a more
reasonable forecast would be an average growth of 4% per year until 2026 (closer
to the average growth of 3.6% per year forecasted in [15,23] until 2050), yielding to
around 48% increase in 10 years.

Possible future works applying the technique presented in this paper would be to
consider other sectors like, for instance, the transport sector, which presents some
peculiar features in Brazil. Indeed, although the gas powered vehicle fleet has been
increasing for some years, government policies discouraged investments to convert
vehicles to run on compressed natural gas, reducing the NG demand in this sector.

We can conclude by saying that both methods, the RLS1 and LS, presented similar
results, with the RLS1 giving a slightly better result regarding the MAD. It is worth
pointing out that even a small forecast difference can have a huge impact in a company’s
investment decision. In this sense the technique presented in this paper offers a useful
computational forecast tool for the case inwhich there isn’t a large amount of past data,
usually necessary for the calibration of more sophisticated and numerical demanding
forecast models. The final results also indicate that allowing a possible uncertainty
variation on the input parameters but keeping untouched the columns of ones and,
furthermore, considering a weighting matrix in the past data, can improve the forecast
capability for the NG demand.

Appendix

Second-order cone programming (SOCP)

A SCOP is defined as follows:

min∈Rn
c′x

subject to ‖Aix + bi‖ ≤ e′
ix + di , i = 1, . . . , κ (16)

where c, ei ∈ R
n , Ai ∈ R

ni×n and di ∈ R. As pointed out in [28] SOCP includes
several important standard classes of convex optimization problems, such as linear pro-
gramming (LP), quadratic programming (QP) and quadratically constrained quadratic
program (QCQP). Several very efficient primal-dual interior-point methods for SOCP
have been developed in the last few years, which makes this class of problem very
attractive from the numerical point of view.

Proof of Theorem 1

The goal of this subsection is to show (5), following the same approach as in Theorem
3.1 in [12]. First we notice that
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‖W(
A1x1 + (A2 + ΔA2)x2 − (b + Δb)

)‖ = ‖W(Ax − b) + W
[
ΔA2 Δb

] [
x2
−1

]
‖

≤ ‖W(Ax − b)‖ + ‖W [
ΔA2 Δb

]
Γ −1Γ

[
x2
−1

]
‖

≤ ‖W(Ax − b)‖ + ‖W [
ΔA2 Δb

]
Γ −1‖‖Γ

[
x2
−1

]
‖

≤ ‖W(Ax − b)‖ + ρ‖Γ
[
x2
−1

]
‖ (17)

since ‖W[ΔA2 Δb]Γ −1‖ ≤ ρ. Define now
[
ΔA∗

2 Δb∗] as

[
ΔA∗

2 Δb∗] = ρv
1

‖Γ
[
x2
−1

]
‖

[
x′
2 −1

]
Γ (18)

where v is defined, for the case in which Ax �= b, as

v = 1

‖W(Ax − b)‖ (Ax − b) (19)

and for the case in which Ax = b, as v = e where e is a vector such that ‖We‖ = 1.
From (18) we have that

‖W [
ΔA∗

2 Δb∗]Γ −1‖ = ρ‖Wv‖ 1

‖Γ
[
x2
−1

]
‖
‖ [

x′
2 −1

]
Γ ‖ = ρ

since ‖Wv‖ = 1. Moreover, for the case in which Ax �= b, we have from (18), (19)
that

‖W(Ax − b) + W
[
ΔA∗

2 Δb∗]
[
x2
−1

]
‖

= ‖W(Ax − b) + ρ
1

‖W(Ax − b)‖W(Ax − b)
1

‖Γ
[
x2
−1

]
‖

[
x′
2 −1

]
Γ

[
x2
−1

]
‖

= ‖W(Ax − b)‖ + ρ‖Γ
[
x2
−1

]
‖ (20)
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and similarly for the case in which Ax = b we have that

‖W(Ax − b) + W
[
ΔA∗

2 Δb∗]
[
x2
−1

]
‖ = ‖ρWe

1

‖Γ
[
x2
−1

]
‖

[
x′
2 −1

]
Γ

[
x2
−1

]
‖

= ρ‖We‖‖Γ
[
x2
−1

]
‖ = ρ‖Γ

[
x2
−1

]
‖.
(21)

By combining (17), (20) and (21) we obtain (5).
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