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Abstract
A current challenge for the structural topology optimization methods is the development of trustful techniques to account
for different physics interactions. This paper devises a technique that considers separate physics analysis and optimization
within the context of fluid-structure interaction (FSI) systems. Steady-state laminar flow and small structural displacements
are assumed. We solve the compliance minimization problem subject to single or multiple volume constraints considering
design-dependent FSI loads. For that, the TOBS (topology optimization of binary structures) method is applied. The
TOBS approach uses binary {0, 1} design variables, which can be advantageous when dealing with design-dependent
physics interactions, e.g., in cases where fluid-structure boundaries are allowed to change during optimization. The
COMSOL Multiphysics software is used to solve the fluid-structure equations and output the sensitivities using automatic
differentiation. The TOBS optimizer provides a new set of {0, 1} variables at every iteration. Numerical examples show
smoothly converged solutions.
Keywords Topology optimization · Fluid-structure interaction · Laminar flow · Small displacements · Binary variables ·
Design-dependent loads · COMSOL multiphysics

1 Introduction
Fluid-structure interaction (FSI) is an ubiquitous phenomenon in our daily lives (Bungartz and Schȧfer 2006).
For the engineering problems, sometimes, the intensity of
the interaction between a fluid and a structure can be considered minimal and negligible. In other cases, its effects are
extremely relevant, such as in aircraft flutter behavior and
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wind loads on bridges. In these cases, if the structural design
does not include the effects of the surrounding fluid, the consequences might be disastrous (Billah and Scanlan 1991).
These problems require from the engineers a wide range of
multidisciplinary knowledge to achieve a safe design and to
devise advanced computational methods which are of great
benefit in such cases (Townsend et al. 2018).
In the last decade, topology optimization has been identified as a powerful computational tool for structural design
(Deaton and Grandhi 2014). In general, topology optimization methods are mature for single physics (acoustics, fluid
flow, or elasticity) design and a few of them are available
in commercial or open-source codes (Duhring et al. 2008;
Gersborg-Hansen et al. 2005; Bendsøe and Sigmund 2003).
In the context of fluid-structure interaction problems, the
available topology optimization approaches are still within
the academic scope only. A fundamental part of the problem
is the way the FSI interfaces are handled (Maute and Allen
2004). This work focuses on a particular type of problem,
in which the FSI interfaces are allowed to change location
during optimization, i.e., the surrounding fluid pressures
and velocities depend on the structural boundary position
(feature so-called design dependency).
Topology optimization for design-dependent FSI problems has been approached in different ways. Yoon (2010)
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first developed a SIMP (solid isotropic material with penalization) model that interpolated both structural and fluid
governing equations in a monolithic approach. The idea
was to adapt the numerical analysis to the optimization
framework. The same method was experimented in stressconstrained problems later (Yoon 2014). Jenkins and Maute
(2016) applied a level set method (LSM) to optimize structures under design-dependent FSI loads. The authors used
the extended finite element method (XFEM) to model the
fluid-structure interface changes during optimization. As
other classic LSMs, Jenkins and Maute (2016) used shape
sensitivities. As the boundaries are a very important part
of the fluid-structure configuration, the choice of using
density-based (Yoon 2010) or shape sensitivities (Jenkins
and Maute 2016) highlights the first question when doing
topology optimization in FSI problems.
Other methods were proposed. Picelli et al. (2017)
showed that discrete changes between fluid and structural elements could straightforwardly deal with the FSI framework
using the BESO (bi-directional evolutionary structural optimization) method. Lundgaard et al. (2018) revisited the FSI
problem using the SIMP-based method proposed in Yoon
(2010) and provided further discussions and comparisons with
the literature. Although the research by Picelli et al. (2017)
and by Lundgaard et al. (2018) built upon previous works,
the contrast between them highlights another major difference
in doing topology optimization of FSI problems. Picelli
et al. (2017) modeled both fluid and structural domains with
separate and classic governing equations while Lundgaard
et al. (2018) used the mixed monolithic model.
Another important discussion is on the use of remeshing
techniques. All SIMP and BESO methods have applied
fixed grids, while LSMs experimented different approaches.
As previously mentioned, Jenkins and Maute (2016) used
the XFEM, which locally remeshes the fluid-structure
boundaries, developing an immersed boundary approach.
Feppon et al. (2019) developed a remeshing setup based on
the level set function evolution, testing their optimization
method in a coupled thermal fluid-structure problem. Picelli
et al. (2019) applied a LSM to optimize structures under
(non-viscous) hydrostatic pressure loads in combination
with fixed grid, i.e., no remeshing. Instead, they used the
Ersatz material approach and a least-squares interpolation
of the fluid-structure responses at the boundaries.
This work solves the structural topology optimization
problem considering FSI modeled with separate governing
equations, avoiding the possible numerical issues of mixed
models (Brezzi and Fortin 1991). For that, the topology
optimization of binary structures (TOBS) method is chosen (Sivapuram and Picelli 2018a). TOBS employs binary
{0, 1} design variables that can suit well the numerical analysis with separate physics domains because the structural

boundaries are directly identified and explicit (Sivapuram
and Picelli 2020). COMSOL Multiphysics is used as a
finite element analysis (FEA) package to solve the equilibrium equations and to provide automatic differentiated
sensitivities. We aim to explore the decoupling of numerical analysis and optimization. The FEA package creates
a geometry by reading the {0, 1} set of variables, identifying the existence of a solid domain {1} or its absence {0}.
Fluid flooding (Chen and Kikuchi 2001) is applied to track
the fluid-structure locations. The new geometry is freely
meshed with triangular finite elements. This can be of some
benefit when solving complex multiphysics problems, e.g.,
FSI, that need local mesh quality (Zienkiewicz and Taylor
2005). The FE solver outputs the sensitivities that will aid
the optimizer to find a new {0, 1} configuration. Process is
iterated until convergence.
The aforementioned (including the present) works indicate that researchers explored very different techniques
toward seeking efficient methods to deal with the challenges
design-dependent FSI poses to topology optimization. The
developed techniques can be grouped into four categories:
optimization method, governing equations modeling, type
of mesh, and sensitivity analysis. The present work picks a
new combination of numerical tools and create a methodology to integrate them. To the author’s best knowledge, this is
the first work to consider integer linear programming in FSI
problems, and also the first work to apply {0, 1} variables
combined with remeshing. Figure 1 presents the selection
sheet that highlights the proposed method.
The remainder of the paper is as follows. Section 2
presents the fluid-structure model. The incompressible
Navier-Stokes equations are used to describe the fluid flow
and elasticity to model the structure. Steady-state laminar
flow and small displacements are considered. Section 3.1
presents the topology optimization framework, including
details of the TOBS method and the devised methodology
for integrating it with a commercial FSI solver. Numerical
examples that highlight the features of the proposed method
are discussed in Section 4, and 5 concludes the paper.

2 Fluid-structure interaction
The modeling of fluid-structure interaction is challenging
and involves two different physics and stress equilibrium
conditions between them. In general, the fluid flow is more
difficult to solve, requiring mesh convergence analysis, nonlinearities, and higher order interpolation than the structural
model (Gresho and Sani 2000). Different considerations can
be made regarding the effects of the coupling depending on
the real application, e.g., strong or weak (one way) coupling.
In this work, we assume that the structure undergoes small
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Design method specifications
- Topology optimization variables
density-based interpolation
binary {0,1}
boundary description (level set)
- Governing equations
Fig. 2 Fluid-structure interaction illustration

monolithic (mixed model)
separate

where ρf is the fluid density, μ is the fluid dynamic
viscosity, v is the continuous fluid velocity field, and P the
fluid pressure.
The left side of Eq. 1 consists of a convective term
ρ (v · ∇) v, which depends on v (leading the fluid model to
be nonlinear) and represents the inertia effects. The right
side is the divergence of the fluid stress tensor σ f , which
presents the gradient of the fluid pressure −∇P and a
diffusive term μ∇ 2 v. The relation between the convective
and diffusive terms is an indicative of the flow speed
or how the fluid flow is affected by inertia. The ratio
between the inertial and viscous forces can also be called
Reynolds number (Re) and can be used to predict the fluid
flow pattern. Equation 2 indicates the incompressibility
condition.
In order to solve the incompressible Navier-Stokes (1)
and (2), the following boundary conditions are applied:

- Mesh type
remeshing
global
local (XFEM)
fixed grid
- Sensitivity analysis
element-based
material interpolation
discrete
point-based
material interpolation
shape sensitivities
Fig. 1 Design method selection sheet

v = v0

on in ,

(2)

displacement behavior. This implies the deformation of the
structure does not considerably alter the fluid domain for
a prescribed fluid-structure configuration and the coupling
happens with mainly only the fluid loading the structure. We
assume the system to be at steady-state and the fluid flow
to be laminar and governed by the incompressible NavierStokes equations. We solve the problem via the COMSOL
Multiphysics software. The use of separate and classic
governing equations is suitable for topology optimization,
specially considering binary {0, 1} design variables.

representing the velocity profile given at the inlet boundary
in (2), no-slip condition at fluid flow walls w and f s
(3), and constrained pressure value at the outlet boundary
out (4). By imposing the previous boundary conditions and
solving (1) and (2), one can obtain the velocity and pressure
profiles of the present viscous fluid flow.

2.1 Fluid domain

2.2 Solid domain

The basic motion of a fluid particle inside a fluid domain f
(see Fig. 2) is governed by the Navier-Stokes (i.e., conservation of momentum, Eq. 1) and continuity (i.e., conservation
of mass, Eq. 2) equations (Paı̈doussis 1998). For a steadystate, homogeneous, isothermal, incompressible fluid flow
of constant density and viscosity, with no body forces, these
are given by:

A structure occupying a solid domain s , as illustrated
in Fig. 2, is considered to undergo small displacements
and deformations (linear elasticity) and to interact with
viscous fluid flow loads. Neglecting body forces and any
acceleration, the linear structural analysis is governed by:

ρf (v · ∇) v = −∇P + μ∇ 2 v,

(1)

v=0
P = pout

on w and f s ,

(3)

on out ,

(4)

∇ · σ s (u) = −ff si ,

(5)

where ∇ · σ s (u) is the divergence of the Cauchy stress
tensor, u is the structural displacement field, and ff si
denotes the vector with the loads from the viscous fluid
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flow calculated at the fluid-structure interface f s . Dirichlet
boundary conditions at u are applied to solve (5) as:
u=0

on u .

(6)

In the following, the FSI coupling conditions are
presented, from which the tractions ff si are obtained. By
topology optimizing the structure, a void domain v can
also appear inside the structural domain, as illustrated in
Fig. 2.

2.3 Fluid-structure interaction
Small structural displacements are considered; therefore,
the deformations of the fluid-structure boundaries are small
enough so the change on the fluid flow domain is negligible.
The FSI coupling condition at steady state (Bazilevs et al.
2013; Hou et al. 2012; Bosma 2013) can be stated as:
σ s ns = −σ f nf

on f s .

(7)

where σ s and σ f are the solid and fluid stress tensors,
respectively, and ns and nf are the normal vectors outward
the solid and fluid domain, respectively.
To obey the relation in Eq. 7, the vector of FSI loads
ff si can be calculated as reaction forces on f s using the
fluid stress tensor σ f and imposed as tractions ff si on
the structural boundaries in contact with f s (Hou et al.
2012). By solving (5), the displacement field of the linear
elastic structure can be obtained. Different staggered and
monolithic approaches can be used to solve these FSI
problems (Yoon 2010; Bosma 2013). Herein, the fluidstructure interaction module in COMSOL Multiphysics
directly identifies the fluid-structure boundaries to impose
the equilibrium conditions.
This work is limited to small structural displacements
and deformations, as similarly considered by Yoon (2010)
and Lundgaard et al. (2018) in topology optimization.
This implies a minimum deformation of the interface f s
and, consequently, it does not effectively alter the fluid
responses. Thus, the problems considered here are actually
one-way coupled, where only the steady-state fluid is
loading the structural problem and not vice versa. More
complex effects, such as large deformations, are target of
future research.

3 Topology optimization framework
This section describes the TOBS method developed by
Sivapuram et al. (2018a, b). The method applies binary

{0, 1} design variables that can be useful to address separate
physics models into the optimization framework. Furthermore, the TOBS uses formal mathematical programming.
This section also presents the topology optimization formulation and the methodology to couple the TOBS module
with a FEA package.

3.1 TOBS method
A set of binary variables xj ∈ {0, 1} is defined to indicate
the absence/presence of solid material. A generic binary
optimization problem with inequality constraints is given
by:
Minimize f (x)
x

Subject to gi (x) ≤ g i , i ∈ [1, Ng ]
xj ∈ {0, 1}, j ∈ [1, Nd ]

(8)

where x is the vector of design variables (usually called
densities in case of topology optimization) of size Nd , f is
the objective function, gi is the ith inequality constraint with
g i being its associated upper bound and Ng is the number
of inequality constraints. The TOBS method uses sequential
approximation of the original optimization problem from
Eq. 8. Solving several approximate problems is easier (the
original optimization problem can be highly nonlinear);
thus, iterating over optimized solutions can reach a local
optimum. The TOBS method uses sequential linearization
of the objective and constraint functions. The approximate
linearized optimization problem solved at iteration k is
given by:
∂f (x k )
· x k
∂x
 
∂gi (x k )
· x k ≤ g i − g x k = gik , i ∈ [1, Ng ]
Subject to
 ∂xk 
x  ≤ βNd
1
xjk ∈ {−xjk , 1 − xjk }, j ∈ [1, Nd ]
Minimize
x k

(9)

where (·)k indicates the value of quantity (·) at iteration k,
x k is the update values of design variables, and gik is the
upper bound of constraint i. An extra constraint based on the
1-norm of design variables is added to restrict the number of
flips from 0 to 1 and vice versa. For topology optimization,
this constraint avoids dramatic changes of the structural
design over a certain parameter β defining a percentage
of the total number Nd of design variables. Using small
values of β ensures that the number of flips remains low
at each iteration k, thereby keeping the truncation error

2
O(x k 2 ) of the linearization approximation small.
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To solve a topology optimization problem with binary
variables, an initial full solid design is recommended so
the largest design space is explored. This means some of
the constraints can start in the infeasible space and might
need a big step to reach a feasible solution. As the number
of flips is restricted at every iteration by β, the TOBS
method modifies the upper bounds of constraints gik so
that the suboptimization problems yield feasible solutions.
The constraint bounds are modified using:
⎧
 
 
⎨ −1 gi x k  : g i < (1 − 1 )gi x k
 
gik = g i −gi x k : g i ∈ [(1 − 1 )g x k , (1 + 2 )g x k ]
⎩
2 gi x k
: g i < (1 + 2 )gi x k

SIMP-based practice point view, TOBS similarly employs
sequential linear approximation and sensitivity analysis but
restricts the design variables to {0,1} and uses integer
programming solvers. From the BESO perspective, TOBS
similarly applies binary {0,1} variables with sensitivity
filtering but employs mathematical programming instead of
the heuristic design update scheme. (Deaton and Grandhi
2014) and (Xia et al. 2018) offer comprehensive reviews of
these methods.

3.2 Topology optimization problem
(10)

where 1 and 2 are parameters chosen from numerical
experience. In practice, these parameters relax the constraint
bounds so there is a feasible integer solution at every
iteration, slowly moving the constraint functions to their
upper bounds. In this work, we used 1 = 2 =  for
simplicity.
The integer suboptimization problems generated using
sequential linearization can be solved using integer linear
programming (ILP). An ILP problem is the same as a linear
programming (LP) problem with additional constraints
that the design variable can only have integer solutions.
This leads to ILP-based solutions being suboptimal with
respect to the LP-based solutions. Nevertheless, topology
optimization requires solution; thus, integer programming
is employed. In this work, the ILP problem is solved using
the branch-and-bound algorithm present in intlinprog
function from MATLAB. The branch-and-bound method
is an algorithm based on the heap data structure. The
ILP is first solved without any integer constraints using
some linear optimization techniques, e.g., simplex method.
Then, branches of LPs are created with additional inequality
constraints on the design variables, with a motive that
integer solutions are finally yielded. This process is repeated
until the first integer solution is obtained.
3.1.1 Relation with other established methods
The core procedure of the TOBS method described
above borrows well known numerical ingredients from the
literature that builds up an efficient and convergent way
of solving topology optimization with integer variables.
Sequential linear approximation has been widely used in
numerical optimization (Nocedal and Wright 2006) and
topology optimization (Deaton and Grandhi 2014) together
with a range of sensitivity analyses (Haftka and G urdal
1991). TOBS shares a few techniques with other methods,
being comparable mostly to SIMP and BESO. From a

The design of fluid-structure systems can concern fluid
or structural objectives separately or even a coupled
function, the latter presenting a higher level of complexity.
This work is motivated by systems that manipulate both
fluids and structures. However, this is the first attempt
to address the modelling of the FSI interfaces via the
TOBS method and the structure is the main focus of this
research.
Herein, structural compliance is minimized subject to
volume constraints. This optimization formulation can be
expressed as:
Minimize C(x)
x

Subject to Vi (x) ≤ V i , i ∈ [1, Ng ]
xj ∈ {0, 1}, j ∈ [1, Nd ]

(11)

where C(x) is the structural compliance or total deformation
energy, Vi is the volume fraction of the structure, and V i
is the constrained volume fraction. Most of the examples
herein solve problems with one volume constraint, but
Section 4.2.2 presents a few cases with four volume
constraints, i.e., with Ng = 4.

3.3 Integration with external FE solver
The present method uses the TOBS implementation published in https://github.com/renatopicelli/tobs and integrate
it with a FEA package, herein COMSOL Multiphysics.
We use the pair sensitivity-geometry as communication
between both tools; i.e., the FEA package provides the
required sensitivities and the optimization module provides
a new topology indicator based on a grid of {0, 1} variables.
The idea is that both optimization and FEA tools can be
used as independent modules. This procedure is illustrated
in Fig. 3. As the TOBS receives only the numerical sensitivities and does not need to know the nature of the physical
problem, in theory, this method can be extended to other
complex multiphysics applications straightforwardly.

R. Picelli et al.
Fig. 3 The iterative process of
communication between the
optimization (TOBS) method
and FEA package

Optimization grid (TOBS)

1
1
1
1
1
1

1
1
1
1
1
1

1
1
1
1
1
1

1
1
1
1
1
1

1
1
1
1
1
1

1
1
1
1
1
1

Fluid-structure system (COMSOL)

{0,1} variables
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In summary, the algorithm for integrating the TOBS
method and the COMSOL Multiphysics solver applied to a
FSI problem is the following:
1. Create an optimization grid in TOBS and initialize
design variables.
2. Define the FSI problem in COMSOL Multiphysics.
Create a FEA grid of points with the same size of the
TOBS grid (see Fig. 3), positioned in the structural
design domain.
3. Create a geometry (CAD model) in COMSOL Multiphysics by reading the TOBS design variables and
removing geometrical entities (square for 2D) from the
CAD model when xj = 0 centered in the equivalent
point in the FEA grid.
4. Mesh geometry and solve FEA problem using COMSOL Multiphysics tools.
5. Compute the sensitivities in the grid of points created
in COMSOL Multiphysics using the software automatic
differentiator. Compute the objective function.
6. Provide the sensitivities to TOBS-ILP solver. Update
design variables in the optimization grid (see Fig. 3).
7. If objective function and constraints converged, stop.
Else, iterate from step 3.
This procedure is implemented in COMSOL LiveLink
with MATLAB. Although it can be considered a standard

0
1
1
1
1
1

0
0
0
1
1
1

FEA grid points

{0,1} variables

topology optimization procedure, one can point out the
separation between the sensitivity analysis and optimization variables. The optimization grid enables regions of
the geometry to be constructed (step 3) via CAD model,
while the FEA package creates the mesh for the geometry and solves the problem (step 4) independently of the
optimization module. This implies that sensitivities are calculated at grid points and not elements. This is easily carried
out within COMSOL Multiphysics features. In this work,
we use triangular elements, quadratic Lagrange approximation for the structural analysis, and P 1 + P 1 for the fluid
flow, leaving the software to mesh freely based on physics
(fluid-structure interaction) convergence requirements. We
assume this can provide good quality approximation of
the problem (also controlled by FEA convergence with the
solver options, if needed) and adequate sensitivities. The
compliance objective function in COMSOL Multiphysics
is built-in under the expression solid.Ws. The SIMP
density model present in the software is used to aid the derivation of the sensitivities. Although TOBS employs binary
variables, we advocate that any sensitivity analysis method
can be used as long as only the derived values for {0,1}
bounds of the design variables are used. Furthermore, Liang
and Cheng (2020) recently proved that SIMP sensitivities
are still correct when using them in a binary approach.
Considering the compliance is self-adjoint and linear in this
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work, we have computed its sensitivities in COMSOL
Multiphysics using direct derivation via the expression
d(solid.Ws,dtopo.theta), where theta is the
density variable inside the density model dtopo. This is an
automatic differentiation procedure built in the software. As
a black-box tool, no access to the final expression is provided and no further discussion on the design-dependency
of the fluid pressure loads can be made. Nevertheless, previous works have discussed the influence of fluid pressure
sensitivities, concluding they are negligible in compliance
minimization problems (Picelli et al. 2019; Kumar et al.
2020). Herein, sensitivities for points in the void or fluid
regions are output as “not a number” and substituted by zero
before passing them to the optimizer.

Fig. 5 Elastic wall inside a fluid flow channel. Units in μm

4 Numerical examples
This section demonstrates the capabilities of the present
method to minimize the compliance of linear elastic
structures under FSI loads subject to volume constraints.
The solid material for all examples is chosen to have
Young’s modulus E = 2×105 Pa and Poisson’s ratio ν
= 0.3. Fluid is considered to be water, i.e., with density
ρ = 1000 kg/m3 and dynamic viscosity μ = 0.001 Pa·s.
Convergence is evaluated by the average of the objective
function changes over 10 consecutive iterations, with a
tolerance τ = 0.001 to stop the optimization.

3.4 Fluid ﬂooding
The technique of fluid flooding was first proposed by
the Chen and Kikuchi (2001). The idea is to fill a void
region with a fluid domain. This implies the fluid domain
follows the changes in the structural surface in contact with
the fluid. This is quite suitable for topology optimization
of fluid-structure problems as it identifies the interaction
surfaces explicitly for any possible topology. Chen and
Kikuchi (2001) developed the technique aiming to track a
design-dependent pressure surface. For the same purpose,
other researchers have applied a similar idea (Picelli et al.
2015; Kumar et al. 2020). Figure 4 illustrates one possible
procedure of fluid flooding within topology optimization.
In this work, we first identify the regions that are initially
in contact with fluid boundaries. Then, we loop through the
void regions and switch them to fluid if they are in contact
with the initial fluid-structure boundaries. We repeat the
loop and iterate filling void regions in contact with fluids.
We stop when no more changes in the fluid/void domains
are made. One can assign an “element types” list to identify
the void, solid, and fluid regions. This is carried out for the
optimization grid illustrated in Fig. 3.

(a)

(b)

4.1 The wall
This first example considers a linear elastic wall of 5 × 45
μm inside a 300 × 100 μm fluid flow channel, as illustrated
in Fig. 5. The structural support behind the wall should be
designed inside a domain of 25 × 45 μm using a fraction
V̄ = 35% of its total volume. A similar configuration of
this example was explored by Jenkins and Maute (2016),
as a variation of the first wall example proposed by Yoon
(2010). The fluid flow enters the channel with a normal
parabolic inlet velocity v = vin 6(H − y)y/H 2 , where
H is the height of the fluid channel (100 μm) and y is
the vertical coordinate at each point of the inlet. Pressure
pout = 0 is imposed at the fluid outlet. All the other
fluid boundaries are considered to experience no-slip flow

(c)

(d)

(e)

Fig. 4 a Full solid design and initial fluid-structure boundaries, b possible {0, 1} after running TOBS-ILP solver, and c–e fluid flooding process
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Fig. 6 Optimized structural
supports for different inlet
velocities: (a) Re ≈ 0.01, (b)
Re ≈ 10 and (c) Re ≈ 100. The
respective compliance values are
C = 1.93×10−15 , 2.94×10−9
and 3.32×10−6 Nm. Convex
and concave shapes depend on
the signs of the surrounding
pressures

(a)

conditions. The displacements of the bottom edge of the
structure are considered to be fixed, i.e., u = 0.
The TOBS method is applied to find the structural
topology solution. A 50×90 optimization grid is used.
A filter radius of 4 grid sizes is chosen. The constraint
relaxation parameter is set as  = 0.01, i.e., the volume
function V changes 1% every iteration until it approaches
V . The flip limit parameter is set as β = 0.04, which
limits the total amount of flips between solid-void and vice
versa up to 4%. Figure 6 shows the optimized supports
considering three different inlet velocities, vin = 0.0001,
0.1, and 1 m/s, which correspond to, respectively, Re ≈
0.01, 10, and 100. These designs are the output of the CAD
geometry created by COMSOL Multiphysics after reading
the optimized design variables of the TOBS grid.
It can be observed that the optimized structural topologies (Fig. 6) are different for the range of studied inlet
velocities. For Re ≈ 0.01, the external members of the
structure showed to be slightly more concave than for the
cases with higher velocities. Actually, the case with Re ≈

(a)

(b)

(c)

100 presents a structure with slightly convex shapes. The
configurations of the internal structural members are also
different between all the cases and not curved at all, as
expected since they are not under fluid pressure loads.
Although the numbers of structural members and external
shapes are noticeably different, one can say their general
configurations are similar and also resemble the solution
presented by Jenkins and Maute (2016). In general, a structure is connected to the bottom region of the wall and the
external part of the support is designed with slightly thicker
members. A similar behavior is also observed in Lundgaard
et al. (2018) in their comparison section. The geometries
from Fig. 6 are freely meshed by the mesh generator inside
the FEA package. Figure 7a presents the mesh created by
COMSOL Multiphysics for the FSI geometry from Fig. 6a,
including the fluid domain. Figure 7b presents the computed
fluid pressure field.
It can be noticed that COMSOL Multiphysics creates a
refined mesh inside the structure due to the existence of
points of interest, i.e., grid points to compute sensitivities.

(b)

Fig. 7 Solution for the case with vin = 0.0001 m/s: a mesh freely created by COMSOL Multiphysics and b fluid pressure field (Pa)
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Fig. 8 Velocity profiles (in m/s) of the snapshots during optimization
for the case of Re ≈ 0.01

Furthermore, the mesh is refined at fluid walls because the
physics controlled option is turned on in the Mesh
module. We experienced good convergence for the fluid
flow analysis (with tolerance of 0.001 in the FEA solver).
Another important point herein is that the fluid-structure
interfaces are always explicitly defined due to the use of
binary design variables. Figure 8 evidences the change
in the fluid domain during optimization by showing the
velocity profiles in the channel during different iterations.
This shows that the application of the TOBS method to
fluid-structure interaction problems is straightforward.
Figure 9 presents the pressure fields and velocity profiles
for the cases of Re ≈ 10 and 100. Besides the magnitude
of the pressure, that increases with the velocity, the ratios
between the pressure values in the front of the wall and in
the back (support region) are quite different. For the case
of Re ≈ 10, the pressure plot indicates the existence of
a small region of negative pressure. Besides, the external
part of the designed structural support is loaded by a very
low pressure field if compared with the left side of the
wall (that presents practically constant pressure between 50
and 100 Pa). This might be an explanation for the straight
shapes of the external part of the structural support. The
pressure field for the case of Re ≈ 0.01 (Fig. 7b) is mostly
positive everywhere and with similar magnitudes in both
sides of the structure, while the case of Re ≈ 100 (Fig. 9c)
presents a positive pressure field in the left side of the
wall and a negative pressure on the structural support (right
side) with a quite higher magnitude. Not coincidently, the
external shapes of these structures have opposite curvature if
compared to the cases with lower inlet velocities (implying
only positive surrounding pressures), as indicated in Fig.
6. Figure 10 presents the smooth optimization convergence
experienced by the case with Re ≈ 100. In this case, the
volume constraint function first reaches its final prescribed
value V̄ in the 104th iteration and the problem converged
with 113 iterations, i.e., it remains 10 iterations optimizing
the structure with the same volume fraction V̄ . At the 104th
iteration, the integral of the reactions forces at the optimized
fluid-structure boundaries is 4.95×10−5 Nm. The integral
value decreases to 4.78×10−5 Nm, as illustrated in Fig. 11.
This indicates the algorithm is reducing the load applied on
the structure while minimizing the total deformation energy
of the structure, the two ways to reduce compliance in the
FSI problem.
For the incompressible flow, the pressure level sets by
the outflow condition are relative and do not matter, i.e., the
obtained pressure gradient is independent of the reference
pressure pout imposed at the outlet. For the structure, the
pressure level sets affect the deformation. As discussed for
Fig. 9c, a negative pressure region is obtained when pout =
0. Solving the same problem with reference pressure pout
= 1×104 Pa, the obtained pressure field presents positive
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Fig. 9 Pressure (Pa) and velocity (m/s) profiles for the cases of a–b Re ≈ 10 and c–d Re ≈ 100

values at every part of the fluid domain, as shown in Fig. 12.
The external members of the topology solution are then
convex. Therefore, it can be concluded that the pressure
levels might not affect the resultant forces from the stresses,
but they can cause crushing loads depending on their sign.

Fig. 10 Convergence history of
the a structural compliance
(objective function) and b
volume fraction constraint
function for the case of Re ≈
100

4.1.1 Other versions
Other versions of the (FSI) wall example are available in the
literature. Yoon (2010) first proposed the wall example, repea
ted later by Picelli et al. (2017). Lundgaard et al. (2018)
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Fig. 11 Integral of the reaction forces (Rx and Ry being the
components at x and y directions, respectively) at optimized fluidstructure boundaries during the last iterations of the optimization
(when keeping the volume fraction equals to V̄ ), for the case with
Re ≈ 100
Fig. 13 Fluid-structure interaction examples for topology optimization
by (a) (Yoon 2010) and (b) (Lundgaard et al. 2018). Units in μm.

suggested a larger design domain. Figure 13a and b present
their proposed examples.
Figure 14 presents the velocity profile, pressure field,
and von Mises stress plot obtained with the present TOBS
method for the wall example proposed by Yoon (2010).
The solution presented here is somehow different from
Yoon (2010), but quite similar to Picelli et al. (2017). Anyhow, both authors use different numerical models. While
Yoon (2010) developed a monolithic mixed model and used
a density-based optimization method, Picelli et al. (2017)
applied separate governing equations and binary design
variables, more similar to the present work. Figure 15 shows

the solution obtained with the present TOBS method for the
wall example proposed by Lundgaard et al. (2018). After
visual inspection, it can be observed that the positions of the
external structural members are quite similar between this
work and the one by Lundgaard et al. (2018). However, the
directions of the internal structural member are the opposite
in both works. Herein, the internal bar holds the left structure while in Lundgaard et al. (2018) some sort of reinforcement is connected to the right part of the global structure.
A crucial difference between these works is that Lundgaard
et al. (2018) allows internal pressure to exist due to the
mixed model interpolation. Although reasonable, this is not
always the case in real life, specially considering small displacements, when the structure does not increase the pressure field in internally filled holes (opposite of Lundgaard
et al. 2018). It is also interesting to observe that the
wall in this example is under much less stress if compared
with the rest of the structure, as can be seen in Fig. 15c.

4.2 The seal

Fig. 12 Solution for the wall problem when Re ≈ 100 and pout =
1×104 Pa. Color plot of the pressure field in Pa.

Fluid-structure interaction happens in many engineering
problems. One of them regards the control of the fluid flow
by elastic structures, e.g., to increase the pressure drop of
the fluid flow using active or passive structures (Pinto et al.
2018). In such problems, relatively small devices can be
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Fig. 14 Structural topology solution for the case studied by (Yoon 2010) and (Picelli et al. 2017): (a) velocity profile (m/s), (b) pressure field (Pa)
and (c) von Mises stress (N/m2 ) in the deformed configuration

constructed in a way that the deformation of the structural
parts due to the fluid pressure is considerable. This work
focuses on the structural perspective of the FSI problem
and in such cases where structural stiffness is important.
This section exposes examples of structural support design
including multiple walls.
4.2.1 Single volume constraint
In this example, a fluid flows through a channel entering
with parabolic inlet velocity v = vin 6(H − y)y/H 2 , being
vin = 0.1 m/s (Re ≈ 10), and exits with pressure pout = 0.
Four elastic walls are placed inside the fluid flow in order
to restrict the fluid flow and increase the pressure drop, as
illustrated in Fig. 16. Herein, the TOBS method is applied
to design the four structural supports by minimizing the
total sum of the compliance value subject to a single global
volume constraint of V = 0.35. In this case, the fluid flow
path changes as material is allowed to be removed from the
four structures simultaneously. The TOBS parameters used
are  = 0.005 and β = 0.04. An optimization grid of 50×90
is used to design each support and a filter radius of 4 grid

sizes is applied. Figure 17 presents the snapshots of the
solution during optimization together with the fluid pressure
field.
The global measure of structural compliance converged
to 16.03×10−9 Nm with each structural support having
a final volume fraction of 42.24%, 37.38%, 31.71%, and
28.67%, for the first, second, third, and fourth walls,
respectively. It can be observed that the TOBS algorithm
first removed material of the structures in the end of the
fluid channel. This is expected because the fluid pressure
decreases along the flow; consequently, the structures near
the exit of the channel are subject to lower pressure loads
and have less deformation. The first structures in the fluid
channel are subject to higher pressure loads and need more
material in order to be stiff. The fourth structural support
design resembles the solutions from the first example in
Fig. 6. One can also notice a small region with negative
pressure after the wall in the structure. The first three
structural supports present a slightly different pattern. They
are composed of curved structures in contact with the fluid
and their internal structural members tend to hold the center
of the wall in the left part. This might be explained by

Fig. 15 Structural topology solution for the case studied by (Lundgaard et al. 2018): (a) velocity profile (m/s), (b) pressure field (Pa) and (c) von
Mises stress (N/m2 ) in the deformed configuration.
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Fig. 16 The seal with multiple
walls example

the fact these structures are immersed in a more smooth
pressure field than the fourth structure. The first structural
support particularly resembles the design presented by
Picelli et al. (2019) of a single wall example immersed in a
fluid channel governed by Laplace’s equation. This example
indicates that the structural design is quite non-intuitive
under the complexity of the loading by the fluid flow, even
for similar design domains.
4.2.2 Four separate volume constraints
We also solve the seal example of Fig. 16 with one
volume constraint per wall, i.e., with four separate volume

Fig. 17 Snapshots of the seal topology optimization solution for
minimum structural compliance subject to a single global volume
constraint. Colorized plot with the fluid pressure field (in Pa)

constraints. Each structural support design is constrained to
V i = 35%. The global measure of the structural compliance
is subject to minimization. As one constraint per wall is
used, we increase the relaxation parameter  to 0.01, so each
volume constraint can change a bigger step at every iteration
than in the last example (with  = 0.005). Figure 18
presents the snapshots of the topology optimization solution
with four volume constraints. Although every structural
support has now a final volume fraction of 35%, the general
look of the topologies is similar to the example with a single
volume constraint, with a few noticeably different members
in the fourth wall only. Also, this example converged
faster, in 152 iterations, because of the bigger relaxation
parameter used (), to a global structural compliance value
of 15.74 × 10−9 Nm. It can be observed that, imposing a

Fig. 18 Snapshots of the seal topology optimization solution for minimum structural compliance subject to four separate volume constraints,
one per wall. Colorized plot with the fluid pressure field (in Pa)
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Fig. 19 Structural topology optimization solutions for the seal
example with four separate volume constraints and Re ≈ 10: (a)
velocity profile (m/s) and (b) von Mises stress field in the deformed
configuration (N/m2 )

volume constraint per wall, material is removed from each
design domain in the same amount since the first iterations,
differently from the single constraint case. Figure 19
presents the velocity profile and stress plots in the deformed
configuration for this example.
Figure 20 presents the topology optimization for the
example of Fig. 16 with four volume constraints and higher
inlet velocity, being vin = 1 m/s (Re ≈ 100). In this case,
the optimized geometries (Fig. 20a) are positioned a bit
further from the wall tip, i.e., lower in height, if compared
with the previous example with lower velocity. Also, the
designed supports for the fourth wall are considerably
different in both examples. This can be explained by
the existence of negative pressure with high absolute
magnitude for the case when vin = 1 m/s. Figure 20c shows
how the fluid velocity increases along the channel after
each wall obstacle. Figure 20b and e complete the study
presenting the mesh generated by COMSOL Multiphysics
and the von Mises stress field (N/m2 ) with the deformed
geometry.

Fig. 20 Solution for the seal example with four walls, four separate
volume constraints V i = 35% and Re ≈ 100: a topology optimized
COMSOL Multiphysics geometry, b finite element mesh, c velocity
profile (m/s), d pressure field (Pa) and e von Mises stress with
deformed configuration (N/m2 )

5 Conclusions
This paper developed a methodology to integrate a topology
optimization code with a FSI finite element solver. In
the point of view of topology optimization, this method
decouples the FEA and sensitivity analysis from the
optimizer, so, theoretically, it can be extended to other
design-dependent multiphysics problems. Binary {0, 1}
design variables are applied via the TOBS method as a
suitable approach for design-dependent physics problems.
COMSOL Multiphysics software is used to solve the FSI
equations and to provide point-based sensitivities for the
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optimization grid. Steady-state, laminar flow, and small
structural displacements are assumed. For these conditions,
numerical results show that the present method can solve
compliance minimization subject to volume constraints of
structures under design-dependent FSI loads. Furthermore,
the solutions presented here are comparable with other
works in literature. Examples with multiple elastic walls
inside a fluid flow channel show that the optimized
structural designs are not a direct extension from a single
wall example design. Three-dimensional problems and
more complex physics such as large deformations and
turbulent flows are future directions of this research.
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