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Abstract
In this paper, the identification problem of acoustic parameters in the frequency domain is examined by means of a topology
optimization (TO) approach. Data measured by acoustic receivers are collected from synthetic models and used as a reference
in the optimization problem which aims at estimating the acoustic media properties that minimize a least-squares cost
functional. A two-step optimization procedure is proposed to deal with multi-phase acoustic media problems by using linear
and peak function material interpolation schemes. The idea is to use features from the multi-material topology optimization
to reconstruct acoustic models with an increased level of sharpness. From the first step with linear interpolation, phase
candidates are defined by a curve fitting process considering the summation of Gaussian curves and, therefore, this solution
is used to create the peak material model for the second step. Thus, a multi-material model that is usually applied to design
problems with predefined material candidates can be also used to solve this identification problem without prior knowledge
of the exact properties of the model to be reconstructed. The optimization problem is solved by using a BFGS algorithm
while the Levenberg-Marquardt Algorithm (LMA) is used to solve the least-squares curve-fitting problem. The proposed
approach is analyzed through 2D numerical examples.

Keywords Inverse problem · Topology optimization · Acoustics · Frequency domain · Parameter identification

1 Introduction

Inverse problems are commonly found in many fields of
engineering and science where observations are used to
infer process parameters. This type of problem can be
defined according to the nature of the variables that are
inferred. Supposing that we have a mathematical model
which describes a physical process, as presented in Fig. 1,
three different problems can be stated as (Baumeister and
Leitão 2005):
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– Forward problem: given the inputs Xi and the system
parameters ρi , find out the outputs Yi of the model M;

– Reconstruction problem: given both system parame-
ters ρi and outputs Yi , find out the inputs Xi ;

– Identification problem: given both inputs Xi and
outputs Yi , find out the system parameters ρi of the
model M .

The first type of problem is called Forward, or Direct,
problem due to its cause-effect response. Both Reconstruc-
tion and Identification problems are slightly similar and
often referred as inverse problems where one aims at finding
the unknown variables of known consequences. In gen-
eral, identification problems are rather difficult due to their
highly nonlinear behavior which makes this type of problem
especially prone to local minima (Baumeister and Leitão
2005).

Researches from several study fields have drawn atten-
tion to the solution of inverse problems. In this context,
examples can be found for different applications as load-
ing force reconstruction in dynamic systems (Uhl 2007),
identification of thermal properties (Atchonouglo et al.
2008), parameters identification for damage and failure

Structural and Multidisciplinary Optimization (2020) 62:1041–1059

/ Published online: 21 July 2020

http://crossmark.crossref.org/dialog/?doi=10.1007/s00158-020-02638-9&domain=pdf
http://orcid.org/0000-0002-0233-1298
mailto: juliano.fagundes@ufrgs.br
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Fig. 1 Process with Ni inputs, No outputs and Np system parameters

modeling (Anghileri et al. 2005; Moore et al. 2011), ran-
dom fields in structures (Choi and Yoo 2016), induc-
tor design for electromagnetic casting process (Machado
et al. 2018), vehicle collision reconstruction (Liu et al.
2019), and so on. In the biomedical engineering field,
we can highlight applications as electroencephalography
(EEG) (Grech et al. 2008; Awan et al. 2019) and electri-
cal impedance tomography (EIT) (Mello et al. 2008; Mello
et al. 2010; Chitturi and Farrukh 2019) which are non-
invasive medical imaging procedures. Signal processing
techniques are also commonly used to image reconstruction
primarily in damage detection and biomedical scan. Con-
ventional C-scanning mode can be applied, for instance,
to detect hydrogen-induced crack (Hwang et al. 2017) and
non-invasive evaluation of native tissues and extracellular
matrix volume (Morokov et al. 2019). Phased array ultra-
sonic techniques are also relevant in non-destructive testing
(Haupert et al. 2017) and transcranial passive cavitation
mapping (Deng et al. 2016). In such applications, there is
a possibility to place sources and receivers in a suitable
way to improve the observability of the physical system and
therefore produce images with better resolution. However,
some observability limitations can be found in other appli-
cations like ground or ocean subsurface imaging. Thus, it
is important to improve both signal processing and inver-
sion methods to overcome this lack of observability. In this
context, we propose to import some optimization tools from
design problems and apply them in this type of imaging
problem aiming at improving the inversion process.

From the literature review, we can note that most of the
existing methods for solving inverse problems are based on
optimization procedures (Zhang and Ye 2019), where the
system performance is defined as an objective function
while the unknown parameters are the design variables.
Thus, we can highlight the topology optimization (TO) as
an attractive approach for solving this type of problem
due to the fact that no specified initial topology needs to
be assumed a priori and the possibility to use material
models that can modify the space of admissible solutions
and improve the topology searching ability which can be
extremely useful when solving inverse problems that are
intrinsically ill-posed. We can highlight the TO application
to solve inverse problems as, for instance, in reinforcement
materials in tunnels (Yin and Yang 2000), optimal material

properties considering transient heat conduction (Turteltaub
2001), waveguide design (Dahl et al. 2008), electrical
impedance tomography (de Lima et al. 2007; Mello et al.
2010), frequency response minimization (Shu et al. 2011)
and so on.

In acoustic problems, TO has been used in harmonic
regime for efficient sound radiation in acoustic horns (Wad-
bro and Berggren 2006), acoustic-structure interactions by
using mixed finite element formulation and including the
RAMP material model (Yoon et al. 2007) or with evolution-
ary methods for frequency response minimization (Vicente
et al. 2015), distribution of absorbing and reflecting mate-
rials in walls and sound barriers design (Dühring et al.
2008), efficient sound transmission in large auditoriums
or outdoors (Wadbro et al. 2010), metamaterials design
with negative bulk modulus by using level set methods (Lu
et al. 2013), acoustic cavities design in low/medium fre-
quency range (Christiansen et al. 2015) and wave barriers
design minimizing signal power losses (Van hoorickx et al.
2016). Moreover, it has been proposed a topology optimiza-
tion problem by applying the finite element method in the
design domain and the finite element-wave method in non-
optimizable domains for reducing the computational cost
(Goo et al. 2017). The possibility to deal with acoustics and
elasto-acoustics design problems by means of a level-set
approach was investigated by Noguchi et al. (2017) in which
a two-phase model was employed to minimize the sound
pressure from a vibrating elastic structure and by Desai et al.
(2018) where the boundary conditions are optimized using
a smoothing technique.

In this sense, we propose a density-based TO approach to
solve a parameter identification problem of acoustic media
in the frequency domain. In other words, the wave velocities
in a domain of interest are found by the optimization
procedure for a given set of sources and receivers data.
The main contribution of the present work is to combine
two different material models with a curve fitting scheme
to deal with multi-phase acoustic problems by defining
suitable phase candidates. The idea is to increase the image
sharpness by using a multi-material interpolation model to
solve the identification problem. For that, the optimization
framework is split into two steps:

– (1) TO problem using a linear interpolation scheme for
the unknown phase properties;

– (2) TO problem using a peak material model to refine
the solution.

From step (1), we collect the number of occurrences for
the design variables, which is used to define phase candi-
dates through a curve fitting process. Step (2) starts with
fixed candidates using the previous solution as initial guess
for the design variables. The intermediate curve fitting step
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is important because it provides information to feed the
peak material model with predicted candidates. To over-
come inherent instability issues as mesh dependency and
local minima, two regularization strategies are employed
for this identification problem. Numerical results consider-
ing two-dimensional problems are presented to evaluate the
influence of the regularization strategy and material models
on the estimation problem.

The paper is organized as follows. In Section 2,
the modeling for the acoustic problem in the frequency
domain is stated by means of its variational form.
In Section 3, the identification problem based on the
topology optimization method is presented, where the
material interpolation models and regularization schemes
are detailed. In Section 4, three numerical experiments
are presented in order to show the effectiveness of the
identification algorithm. In Section 5, the paper ends with
some concluding remarks.

2 Problem description

Consider an acoustic system as shown in Fig. 2, where the
acoustic wave propagates from the source s (x, t) in the
domain �. The pressure variation can be measured by a
receiver located at a specified point x = xr in �.

We start from the equilibrium equation in time domain,
written in terms of the scalar pressure field for the spatial
domain � as (Kinsler et al. 1999):

1

c2

∂2P

∂t2
+ η

∂P

∂t
− ∇2P = s (1)

P = PD for x ∈ �D (2)

where P is the pressure field, ∇2 is the Laplace operator,
c is the wave velocity, η is the attenuation parameter, s is
a source function, and PD is prescribed Dirichlet boundary

Fig. 2 Acoustic domain and boundary conditions

condition on �D ⊆ �. Neumann boundary conditions are
considered implicitly.

Harmonic solutions to the wave equation can be found by
separating the temporal and spatial dependence. Assuming
P = Re

{
pe−iωt

}
, in which p is the complex pressure

amplitude, i is the imaginary unit and ω denotes the angular
frequency, the wave equation in the frequency domain can
be expressed by:

ω2

c2
p + iωηp + ∇2p = −s (3)

p = pD for x ∈ �D (4)

A simple absorbing damping mask is included to
simulate an infinite domain. For that, the physical domain is
extended, as represented in Fig. 3, and a sponge mask with
η > 0 is added in this extension aiming at absorbing part of
the incident waves.

Although not in the scope of this work, more efficient
absorbing conditions as Perfectly Matched Layers (PMLs)
(Berenger 1994) can be employed with additional computa-
tional cost.

2.1 Variational form of the acoustic problem
in the frequency domain

The variational form of the acoustic problem in the
frequency domain is obtained by multiplying the PDE by
the complex conjugate of a complex-valued test function
v (x, ω) ∈ V̂ and integrating the resulting equation over
the domain �. Therefore, we want to find a trial function
p (x, ω) ∈ V such that:
∫

�

ω2

c2
pv∗d� +

∫

�

iωηpv∗d� +
∫

�

∇2pv∗d� =

−
∫

�

sv∗d�

(5)

Fig. 3 Absorbing damping mask to simulate an infinite domain
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where v∗ is the complex conjugate of v, and the trial and
test spaces (V and V̂ , respectively) are defined as:

V =
{
p ∈ H 1(�) : p = pD on �D

}
(6)

V̂ =
{
v ∈ H 1(�) : v = 0 on �D

}
(7)

in which H 1(�) is the well-known Sobolev space
containing continuous functions in �.

In (5), the second-order spatial derivative of p (x, ω) can
be transformed to a first derivative of p (x, ω) and v (x, ω)

by applying the technique of integration by parts:
∫

�

∇2pv∗d� = −
∫

�

∇p · ∇v∗d� +
∫

�

∂p

∂n
v∗d� (8)

The test function v (x, ω) is required to vanish on the
parts of the boundary where the solution p (x, ω) is known,
i.e., v (x, ω) = 0 on the whole boundary �D and, therefore,
the second term on the right-hand side of (8) vanishes,
resulting in the following variational form:
∫

�

ω2

c2
pv∗d� +

∫

�

iωηpv∗d� −
∫

�

∇p · ∇v∗d� =

−
∫

�

sv∗d�

(9)

Considering p = pR + ipI and v = vR + ivI where the
superscripts R and I refer to the real and imaginary parts,
respectively, we can write the weak form as:

a1 + a2 + a3 = L (10)

where the bilinear terms a1, a2 and a3 are given by:

a1 =
∫

�

ω2

c2

(
pRvR + pIvI + ipI vR − ipRvI

)
d� (11)

a2 =
∫

�

ωη
(
pRvI − pIvR + ipRvR + ipI vI

)
d� (12)

a3 =
∫

�

(
∇pI · ∇vI − ∇pR · ∇vR

)
d�

−i

∫

�

(
∇pI · ∇vR − ∇pR · ∇vI

)
d�

(13)

and the linear term is:

L = −
∫

�

(
f RvR − f I vI

)
d�

−i

∫

�

(
f I vR − f RvI

)
d�

(14)

The variational form in (10) is a continuous problem
with the solution p defined in the trial space V . The finite
element problem for the acoustic equation in the frequency
domain aims at finding an approximate solution of the
variational problem by replacing the infinite-dimensional

function spaces V and V̂ by discrete spaces, which results
in the linear problem:

A (ω)

{
pR

pI

}
= −s (15)

where A (ω) is the acoustic impedance matrix, pR and
pI are vectors containing the real and imaginary parts,
respectively, of the nodal pressure and s is the vector of
nodal sources.

3 TO-based acoustic inverse problem

In this work, we propose a procedure to reconstruct acoustic
media images by solving an inverse problem based on the
topology optimization method. Two different scenarios are
considered:

– Two-phase media with known acoustic phases: a simple
material interpolation using the SIMP model (Bendsøe
1989) is employed;

– Multi-phase media with unknown acoustic phases:
a two-step optimization is proposed to find suitable
phase candidates for a peak material model (Yin and
Ananthasuresh 2001).

Essentially, the main difference between these two
approaches relies on the material model scheme which is
employed.

3.1 Material models

The material model plays an important role in a topology
optimization problem since it defines the material law
among the phases involved and it can modify the space of
feasible solutions, which can be convenient when solving
identification problems that are intrinsically ill-posed. In the
present problem, the pressure wave velocity c is written in
terms of a nodal design variable ρ, according to the material
model scheme.

Initially, we consider the so-called Solid Isotropic
Material with Penalization (SIMP) model (Bendsøe 1989).
Then, the effective wave velocity c (ρ) can be defined
according to:

c (ρ) = cmin + (cmax − cmin) ρq (16)

where cmin and cmax are, respectively, the minimum and
maximum wave velocities, and q is the penalty exponent.
Here, cmin and cmax can be either the wave velocities of
known acoustic phases or lower/upper bounds when dealing
with unknown acoustic phases. In this work, we propose
to use a linear interpolation, i.e., (16) with q = 1, to
solve the identification problem when the acoustic phases
are unknown and then employ a multi-material interpolation

1044



Identification problem of acoustic media in the frequency domain based on the topology optimization method

scheme to find a sharper solution. One effective way to deal
with multi-material topology optimization problems is to
use the peak function material interpolation function (Yin
and Ananthasuresh 2001), which is a linear combination of
Gaussian curves weighted by each phase velocity as:

c (ρ) =
NM∑

m=1

wmcm (17)

cm is the wave velocity of the mth acoustic phase and where
wm are the interpolation functions given by:

wm =
exp

[

− (ρ − μm)2

2σm
2

]

∑NM
m=1 exp

[

− (ρ − μm)2

2σm
2

] (18)

in which μm and σm are, respectively, the mean and
standard deviation values associated to the mth acoustic
phase, and NM is the total number of acoustic phases
taken into account in the material model interpolation.
The denominator term in (18) is included to satisfy the
conditions 0 ≤ wm ≤ 1 and

∑NM
m=1 wm = 1 (Stegmann and

Lund 2005); then, realistic results are produced within the
solution space which is considered.

3.2 Formulation of the optimization problem

The goal of the optimization problem is to reconstruct the
original acoustic domain from a given set of receiver data.
The performance measure is evaluated by a differentiable
objective function F (p), defined as the least squares wave-
form function:

F =
∫

�

G(p) d� (19)

with:

G= 	ω

2NS

NS∑

s=1

NR∑

r=1

ωf∑

ω=ωi

(
pR

s (x, ω)−p̄R
s (x, ω)

)2
δ (x − xr ) (20)

where pR
s and p̄R

s are the pressure field amplitudes due to
the sth source from the simulated and reference models,
respectively; δ is the Dirac delta function; xr is the set of
points where the receivers are located at; NS is the total
number of sources; ωi and ωf are the initial and final
angular frequencies, and 	ω is the frequency increment.

Thus, the topology optimization problem can be stated
as:

min
ρ

: J = F(p) + Rs(ρ) + Rp(ρ)

subject to : ω2

c2
p + iωηp + ∇2p = −s

: lb ≤ ρ ≤ ub

(21)

where lb and ub are the lower and upper bounds of the
box constraint, respectively; Rs and Rp are regularization
terms. This first term is a simple fixed H 1 regularization
function given by:

Rs = αs

∫

�

∇ρ · ∇ρ d� (22)

where αs is a positive regularization coefficient. The idea is
that undesirable local minima can be avoided if a suitable
weighting factor is chosen.

The second regularization term aims at penalizing
intermediate design variables during the optimization
process. Thus, when using the SIMP model, a regularization
term Rp is added in the objective function as:

Rp = αp

∫

�

(ρ − lb)
2 (ρ − ub)

2 d� (23)

where αp is a positive regularization coefficient. The
regularization term is minimized for ρ = cmin and ρ =
cmax, similarly as proposed by Allaire and Kohn (1993).
This regularization term can be written considering the peak
model as:

Rp = αp

∫

�

NM∏

m=1

(ρ − μm)2 d� (24)

Analogously, here this regularization term is minimized
for ρ = μm with m = 1, 2, . . . , NM .

3.3 Sensitivity analysis

The sensitivity of the objective function and regularization
terms with respect to the design variables is needed in order
to use first order optimization algorithms. Here, the adjoint
state method is employed, where the Lagrangian function
associated with (21) can be written as:

L(ρ, p, λsω) = F(p) + Rs(ρ) + Rp(ρ)

+
∑

s,ω

∫

�

[
λ

(
ω2

c2
p + iωηp + ∇2p + s

)]

sω

d�
(25)

where λ = λsω are the Lagrange multipliers. The adjoint
system can be obtained from the stationary condition
considering the variation of L with respect to p equals to
zero, i.e., L′

p = 0:

L′
p = ∂F

∂p
δp

+
∑

s,ω

∫

�

[
λ

(
ω2

c2
δp + iωηδp + ∇2δp

)]

sω

d� = 0
(26)

which can be rewritten, using (19) and integrating by parts,
as:
∑

s,ω

∫

�

[
δp

(
ω2

c2
λ + iωηλ + ∇2λ + ∂G

∂p

)]

sω

d�=0 (27)
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for any arbitrary δp ∈ V̂ and Dirichlet boundary condition
λs = 0 for x ∈ �D . Considering that NS is the number
of independent shots and Nω is the number of frequencies
analyzed in the band [ωi , ωf ], we can isolate the NS · Nω

adjoint equations, given by:
∫

�

ω2

c2
λsωδp d� +

∫

�

iωηλsωδp d�

+
∫

�

∇2λsωδp d� = −
∫

�

(
∂G

∂p

)

sω

δp d�

(28)

Compared with a transient approach, the adjoint state
method considering the frequency domain results in NS ·
Nω adjoint equations that can be solved independently
since the time integration is replaced by Nω frequency
evaluations. Allaire and Michailidis (2018) proposed modal
basis approaches to accelerate the level-set optimization
process in frequency response problems by avoiding the
multiple computations of adjoint states. However, possible
spurious modes can appear in the modal analysis when
using a density-based TO method due to the presence of
intermediate design variables.

The adjoint equation is similar to the weak form in terms
of p defined in (5), but with the source term defined as:
(

∂G

∂p

)

sω

= 	ω

NS

NR∑

r=1

(
pR

s (x, ω) − p̄R
s (x, ω)

)
δ (x − xr ) (29)

After solving the NS · Nω adjoint equations for s =
1, . . . , NS and ω = ωi, . . . , ωf and finding the Lagrange
multipliers λsω, one can evaluate the gradient of the
augmented functional from:

L′
ρ =

∂Rs
∂ρ

δρ
︷ ︸︸ ︷

2αs

∫

�

∇ρ · ∇δρ d�+∂Rp

∂ρ
δρ

−2
∑

s,ω

∫

�

λsω

ω2

c3

∂c

∂ρ
p δρ d�

(30)

for any arbitrary δρ. The term ∂Rp

∂ρ
can be straightfor-

wardly obtained by differentiating (23) or (24), according to
the material model that is used:

∂Rp

∂ρ
= −2αp

∫

�

(ρ − lb) (ρ − lu) (lb + lu − 2ρ) d�

(31)

for the SIMP model and:

∂Rp

∂ρ
= −2αp

∫

�

NM∑

i=1

1

(μi − ρ)

NM∏

j=1

(
μj − ρ

)2
d� (32)

for the peak model. Analogously, ∂c
∂ρ

is obtained by
differentiating (16) or (17) with respect to the design
variable ρ.

3.4 Numerical implementation of the curve fitting
scheme

Assuming that the phases within the domain of interest are
unknown, a material model with phase candidates cannot
be employed, initially. Thus, we start the optimization
procedure using a linear interpolation between cmin and
cmax, with a uniform initial guess (ρ = 0.5), as represented
in Fig. 4. The idea is that the solution from this first
step will provide some insights to define candidates for a
peak material model, which can result in a solution with
sharper interfaces. The number of occurrences of the design
variables obtained from the first optimization step is used to
find suitable candidates by means of a curve fitting scheme.
Initially, 1000 sets of random initial guesses are generated
for the model parameters Ai , Bi and Ci based on a uniform
distribution with 0 ≤ A0

i ≤ 300, 0 ≤ B0
i ≤ 0.05 and

0 ≤ C0
i ≤ 1. Then, a model function is defined as the

summation of Gaussian peaks as:

Y = Model (ρ,Ai, Bi, Ci) =
k∑

i=1

Ai exp

[

− (ρ − Ci)
2

Bi

]

(33)

where Ai , Bi and Ci are model parameters to be found
by the curve fitting process which control respectively the
height, width and position of each peak curve. Although this
function is similar to the peak model for multi-material TO
presented in (17), its parameters are not directly associated.
Only the positions Ci are related to the mean values μm in
the material model, while the other parameters are chosen
to best fit the model to the distribution of design variables.

A Levenberg Marquardt Algorithm (LMA) (Moré 1978)
is used for the least-squares minimization and the best fit
from the 1000 sets of initial guesses is assumed as the
solution for the iteration. Then, the candidates Ci with i =
1, 2, . . . , k − 1 are found if the coefficient of determination
is converged as:

R̄2 = R2(k) − R2(k−1)

R2(k−1)
≤ Rtol (34)

where R̄2 is a convergence measure, R2(k)
is the coefficient

of determination for the model with k Gaussian peaks and
Rtol is a tolerance value. The coefficient of determination
is defined as the quotient between the sum of squares
regression and the sum of squares total, resulting in:

R2(k) = 1 −

NP∑

i

(
yi − Yi

(k)
)2

NP∑

i

(yi − ȳ)2

(35)

where yi are the number of occurrences obtained from the
histogram of the design variables (assumed as observed data
in the curve fitting), ȳ is the mean of the observed data and
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Fig. 4 Two-step optimization
framework for the multi-phase
problem

Yi
(k) are the NP output points calculated by the curve fitting

model considering k Gaussian curves.
If the convergence criteria is satisfied, the phase

candidates Ci are used in the peak material model presented
in (17) and the second optimization step is started.
Otherwise, the number of Gaussian peaks is increased
(k + +), the fitting model is updated and the curve fitting
process is repeated until the convergence is reached.

3.5 Numerical implementation of the forward
and inverse problems

Here, the numerical implementation used in this study is
discussed. The flowchart of the implemented algorithm
for solving identification problem is presented in Fig. 5
and some characteristics of this algorithm are presented
below. Both optimization steps 1 and 2 from the framework

Fig. 5 Flowchart of the forward
and TO-based identification
problems
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presented in Fig. 4 follow the same algorithm structure of
the identification problem, where the only difference relies
on the material interpolation scheme.

In the forward problem, receivers data are collected from
the synthetic model and this information is used as p̄s to
evaluate the cost functional. The TO-based identification
problem is presented in the inverse problem flowchart,
which is the same regardless of the material interpolation
model that is employed. For both forward and inverse
problems, the finite element (FE) analysis is carried out by
using the high-level Python interface to the FEniCS library
(Alnæs et al. 2015). Therefore, the integral equations from
(11) to (14) are written via the Unified Form Language
(UFL), which is a domain specific language for defining
discrete variational forms (Alnæs et al. 2009). This problem
results in a sparse unsymmetric linear system which is
solved by using the UMFPACK Library (Davis 2004).

The Python code used to define the boundary layer is
presented in the replication of results section, where L and
H are global variables related to the length and height,
respectively, of a rectangular domain and l is the absorbing
layer width. This function returns the values of the viscous
attenuation term, where η = 0 in � and it varies linearly
from the interface �. Also, wave velocities in �a are
related to design variables ρ following the same material
model that is used in � and these design variables are also
updated during the optimization. Thus, there is a smooth
and continuous variation of wave velocities at the interface,
reducing reflections due to impedance mismatch.

In the optimization framework, the sensitivity analysis is
performed aided by the dolfin-adjoint package (Farrell et al.
2013), which is also included in the FEniCS Project.

The design variables are updated after solving the
optimization problem using an L-BFGS-B algorithm (Byrd
et al. 1995; Zhu et al. 1997), which is an unconstrained
quasi-Newton method extended to handle simple box
constraints. According to Tam (2020), BFGS methods are
less affected by errors in finding the optimal step length,
being frequently used in material identification problems.

The stopping criterion is based on a tolerance threshold
and it takes into account the values of objective function for
the current (k) and previous iteration (k − 1), as follows:

| J (k−1) − J (k) |
max

(| J (k−1) |, | J (k) |) ≤ Jtol (36)

where Jtol is the tolerance threshold for the objective
function.

4 Numerical results and discussion

In this section, the proposed formulation is examined by
means of numerical examples considering original models
with two- and multi-phase acoustic media. For the examples
with two phases, we assume that the wave velocities of both
phases are known before starting the optimization procedure
and, thus, a material interpolation based on the SIMP model
is used to perform the image reconstruction. When dealing
with the multi-phase example, no information related to the
original wave velocities are taken into consideration prior
to the optimization process, which is split into two steps
where suitable candidates are first defined by using a linear
material interpolation and then the TO solution is refined
through a peak-based model.

For all analyzed examples, sources are located equally
spaced within the domain while the receivers are distributed
along the upper boundary edge. Figure 6 shows the
configuration for sources and receivers which is used for
both forward and inverse problems.

For the examples analyzed in this section, 10 independent
sources are considered equally spaced with Xs1 = 0.042
km, 	Xs = 0.067 km and Zs = 0.092 km, and all nodes
from the upper edge are considered as receivers. Here, we
use a Ricker pulse as the source function, which is defined
in the time domain as (Wang 2015):

s(t) =
(

1 − 1

2
ω0

2t2
)

exp

(
−1

4
ω0

2t2
)

(37)

Fig. 6 Location of the n sources
and m receivers configuration
considered in the numerical
examples
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Fig. 7 Frequency spectrum s(ω) where f0 is the central frequency in
Hz

where t is the time in seconds and ω0 is the central
frequency in rad/s.

The Fourier transform of the Ricker waveform is given
by (Wang 2015):

s(ω) = 2ω2

√
πω0

3
exp

(
− ω2

ω0
2

)
(38)

where ω is the angular frequency in rad/s. Figure 7
presents the frequency spectrum s(ω) for different central
frequencies.

The Ricker waveform is frequently employed as a spec-
trum source in computational electromagnetism (Warren
et al. 2016) and to model seismic data (Gholamy and
Kreinovich 2014). Although the amplitude spectrum of a
real seismic pulse is not exactly that of a Ricker waveform, it
can be approximated that way in many applications (Zhang
and Ulrych 2002). The identification problem of subsurface
acoustic properties usually considers frequencies up to 12
Hz (Letki et al. 2019), where the low frequencies (below
3 Hz) help estimate the kinematically relevant components
of the wave velocities from the acoustic model. From the
optimization point of view, this low-frequency band is also
required to avoid convergence to spurious local minima and,
when not available, it can be predicted or extrapolated from
a higher frequency band (Li and Demanet 2016). Since we

Fig. 8 Description of the
analyzed velocity models with:
a circular and b plus sign
inclusions

Table 1 Parameters used in the numerical examples

Geometric parameters (km)

L 1.000

H 0.500

Xc 0.500

Zc 0.300

rc 0.125

Xp 0.500

Zp 0.300

Lp 0.250

tp 0.050

Wave velocities (km/s)

c1 1.500

c2 2.500

are using synthetic models to generate the observed data
to solve the inverse problem, the whole frequency band is
taken into account according to the source central frequency
f0. For the integration in the frequency spectrum, a simple
midpoint rule with the following parameters is employed:

– If f0 = 2.0 Hz: ωi = 2.0 rad/s, ωf = 30.0 rad/s and
	ω = 2.0 rad/s;

– If f0 = 4.0 Hz: ωi = 4.0 rad/s, ωf = 60.0 rad/s and
	ω = 4.0 rad/s;

– If f0 = 6.0 Hz: ωi = 6.0 rad/s, ωf = 90.0 rad/s and
	ω = 6.0 rad/s.

Thus, there are three independent study cases with
different central frequencies of the source. The forward
problem to collect receiver data from the original model is
solved using 14,400 linear Lagrange triangular elements.

The solution of inverse problems, such as the parameter
identification problem studied in this work, is characterized
by their ill-posedness, i.e., excessive sensitivity to mea-
surement noises and modeling errors (Mueller and Siltanen
2012). Since we are using synthetic models, the model-
ing errors require the most regard. In this situation, trivial
solutions can be found when employing the same numer-
ical model to generate synthetic output data and to solve
the inverse problem, which is defined in the literature as
an “inverse crime” (Colton and Kress 2019). To avoid this
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problem, in all numerical results below a different mesh
with 3600 elements is used in the inversion algorithm
(Wirgin 2004; Kaipio and Somersalo 2007).

4.1 Identification problem for a two-phase acoustic
media

Initially, the proposed TO-based identification problem is
analyzed by means of numerical examples considering two-
phase acoustic media:

– Example A: Velocity model with circular inclusion;
– Example B: Velocity model with plus sign inclusion.

These examples can provide useful insights on the
image reconstruction considering both curves and vertices.
Figure 8 presents a representation of these examples along
with their geometric parameters (Table 1).

4.1.1 Influence of the source frequency and regularization
terms on the optimized solutions

Initially, the influence of the source central frequency on
the identification problem is analyzed. Figure 9 shows the
optimization solutions for both examples considering f0 =
2 Hz, f0 = 4 Hz and f0 = 6 Hz. For these cases, the
regularization terms are set as αs = αp = 0, then only

Fig. 9 Solutions obtained by the optimization procedure for examples A and B considering different source frequencies f0
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Fig. 10 Solutions obtained by the optimization procedure for example A considering different values of αs and αp

the least-squares functional is taken into account during the
optimization process.

By analyzing only the values of the least-squares
functional F , we can see the data measured from
solution obtained with lower frequencies are closer to
the observed data from the original synthetic models.
However, intermediate design variables are found in the

phase interface, especially in example B, which could
prevent finding a discrete solution. With higher source
frequencies, intermediate design variables are found far
from the phase interface, which could lead the optimizer
to find undesirable local minima with spurious acoustic
phases. The regularization terms Rs and Rp, defined in (22)
and (23), are used here to deal with these problems.

Fig. 11 Solutions obtained by the optimization procedure for example B considering different values of αs and αp
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J. F. Gonçalves et al.

Fig. 12 Quality measure M as a
function of the regularization
terms αs and αp for: a Example
A and b Example B

Fig. 13 Original model with
multi-phase acoustic media
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Fig. 14 Material model with
linear interpolation considering
cmin = 1.0 km/s and cmax = 3.0
km/s

Fig. 15 Solution obtained with
linear interpolation in the first
optimization step

Fig. 16 Convergence of the first
optimization step with linear
interpolation
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Fig. 17 Histogram of the design variables obtained in the first
optimization step

The idea is that Rs can prevent finding spurious phases
by reducing the design variables gradient while Rp will
ease finding a more defined phase interface by penalizing
intermediate design variables. Figures 10 and 11 show the
solution for examples A and B, respectively, obtained from
the TO-based identification algorithm considering a source
frequency f0 = 4 Hz.

From these results, we can note that different combi-
nations of αs and αp can lead to similar solutions as, for
instance, with αs = 1 · 10−10 / αp = 1 · 10−5 and
αs = 1 · 10−9 / αp = 1 · 10−4. Also, a solution with sharp
interface between the two phases is found when the inter-
mediate design variables are penalized with higher values of
αp along with weak regularization Rs (as can be seen for
the cases with αs = 1 · 10−10 and αp = 1 · 10−4). However,
the image quality is clearly depreciated in the bottom area
of the domain, which is farther from the receivers.

For a quantitative comparison considering the whole
domain �, we define a quality measure M as:

M = 1

2

∫
(ρ − ρ̄)2 d� (39)

where ρ are the design variables obtained through the TO
procedure and ρ̄ are the expected variables from the original

Fig. 18 Convergence of the
curve fitting scheme to find
phase candidates

synthetic model. The quality of the image reconstruction
increases as the value of M approaches zero.

The solutions obtained by the optimization procedure for
examples A and B are analyzed in terms of the quantitative
measure M , as presented in Fig. 12.

For both cases, it can be observed that solutions closer
to the original model are obtained when the ratio αs/αp

is reduced until a turning point can be identified where
the large value of αp on the regularization Rp leads the
optimizer to a local minima solution.

4.2 Identification problem for amulti-phase
acoustic media

Now, a two-step optimization procedure is employed to
solve the identification problem considering a multi-phase
media, as presented in Fig. 13. This synthetic model is a
custom example with four different phases ranging from 1.2
km/s to 2.6 km/s which can be reproduced using the Python
code provided in the Replication of Results section.

4.2.1 First optimization step using linear interpolation

A material model with a linear interpolation is used in
the first optimization step, as represented in Fig. 14. The
values for cmin and cmax are defined as 1.0 km/s and 3.0
km/s, respectively. Acoustic phases from the original model,
represented in Fig. 13, with wave velocities equal to 1.2
km/s, 1.5 km/s, 2.1 km/s and 2.6 km/s are related to the
design variables ρ = 0.10, ρ = 0.25, ρ = 0.55 and
ρ = 0.80, respectively. Thus, no phase from the original
velocity model correspond to the box constraints (ρ = 0 or
ρ = 1), which means we are interested in a ’gray’ solution
to provide the modeling data for the curve fitting scheme.

For this example, it is considered a source frequency
f0 = 4 Hz and the regularization functions, (22) and (23),
with αs = 1 · 10−8 and αp = 0 are used to alleviate the
design variable gradients and, therefore, a smooth solution
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Fig. 19 Best approximation
obtained by the curve fitting
framework for k = 5

can be obtained. This first optimization step starts with a
uniform initial guess (ρ = 0.5) and the optimized solution
is found when the convergence criteria (36) is satisfied
considering Jtol = 1 · 10−4. From the first optimization
step, the smoothed solution presented in Fig. 15 is obtained
after 343 iterations. The convergence history of objective
function is presented in Fig. 16.

4.2.2 Curve fitting scheme to find phase candidates

The intermediate step of the framework presented in Fig. 4
aims at finding suitable candidates to further define a
peak function material interpolation scheme. From the first
optimization step, we obtained a smooth solution with 7200
nodal design variables which are represented in Fig. 17 as a
histogram. Values of the design variable related to each bin
and their respective number of occurrences are used as the
set of data points in the curve fitting scheme.

Initial values for these parameters are randomly chosen
based on a uniform distribution ranging from 50 to 300 for
Ai , from 0 to 0.05 for Bi , and from 0 to 1 for Ci . After
1000 sub-iterations with random initial model parameters,
the coefficient of determination for the best approximation
is plotted in Fig. 18. Increasing the number of Gaussian
functions in the model results in better approximations until
the convergence criterion defined in (35) is reached for

Table 2 Phase candidates found by the curve fitting framework

Candidate Ci Velocity Expected velocity Error

(km/s) (km/s) (%)

0.08006 1.1601 1.20 3.44

0.24795 1.4959 1.50 0.27

0.36457 1.7291 − −
0.55229 2.1046 2.10 0.22

0.85053 2.7011 2.60 3.74

Fig. 20 Solutions obtained with peak material model in the second
optimization step considering: a αs = 1 · 10−10, b αs = 1 · 10−9, c
αs = 1 · 10−8 and d αs = 1 · 10−7
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Fig. 21 Convergence of the
second optimization step with
peak material model

Rtol = 1 · 10−3 and, then, adding more functions to the
model does not improve significantly the fitting goodness.

The best approximation considering the model with five
Gaussian functions is presented in Fig. 19. From this result,
we found five phase candidates, as presented in Table 2.

The curve fitting framework is able to find suitable
candidates for this example, with error below 4% when
comparing with the expected wave velocities from the
original model. However, a fifth candidate (Ci = 0.36457)

which is not related to the original model is found due to the
convergence criteria chosen to stop the iterative curve fitting
scheme. Considering that we have no knowledge about the
original velocity model, these five candidates are used to
define a peak interpolation model.

4.2.3 Second optimization step using peak model

Five phase candidates are found by the curve fitting process
and they are now used to determine the peak interpolation
model, i.e., the mean values in (17) are set as μm = Cm

with m = 1, 2, . . . , 5. The amplitude values cm are taken
from the velocities related to each candidate, as presented
in Table 2, while the standard deviation values σm are set to
0.04 for all Gaussian curves.

The regularization terms are chosen based on the results
obtained for examples A and B, with simply shaped
inclusions, assuming that their influence on the multi-phase
problem will be similar since all the wave velocities are in
the same range (from 1.0 to 3.0 km/s) and other parameters
as dimensions, receivers location, number of independent
shots and frequency band are the same. Thus, the second
optimization step is solved considering the regularization
function Rp with αp = 1 · 10−4. For the regularization
function Rs , four cases are considered with αs = 1 · 10−10,
αs = 1 · 10−9, αs = 1 · 10−8 and αs = 1 · 10−7. Solutions
for these four cases are presented in Fig. 20.

The convergence history of objective functions J is
presented in Fig. 21. Although no convergence issue is

observed when solving these problems, it can be noticed the
smoothing regularization Rs plays an important role easing
the optimization process.

For a quantitative comparison, values of quality measure
M , objective function J and least-squares objective function
F are presented in Table 3 for these four analyzed cases.
Initially, we can point out that the value of M is decreased
as the smoothing regularization weights αs are reduced until
a turning point can be identified, similarly as observed for
examples A and B and presented in Fig. 12. However,
it can be noticed an improvement on this measure when
compared with the solution of the first optimization step
with no multi-material model. For comparison purposes, a
quality measure M = 1.7582 · 10−2 is related to the initial
guess, i.e., with ρ = 0.5 for all design variables, and then
after the first optimization step this measure is reduced to
M = 3.1564 · 10−3.

In terms of the least-squares objective function F , no
turning point is observed when the smoothing regularization
is reduced. This regularization function artificially modifies
the inverse problem, which is inherently ill-posed and prone
to local minima, easing the convergence of the optimization
problem. Since we are using the solution from the first
optimization step as an initial guess to the multi-material
step, it is expected that the possibility for the optimizer to
find a poor local minimum is reduced.

Table 3 Influence of the regularization term αs on the TO solution
using peak material model and αp = 1 · 10−4

Reg. term Quality measure Objective functions

αs M (10−3) J (10−8) F (10−8)

1 · 10−10 1.5269 2.4454 1.8320

1 · 10−9 1.3111 4.3364 2.0120

1 · 10−8 1.6301 16.5450 3.4132

1 · 10−7 2.1969 110.2814 13.9460
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Fig. 22 Design variables
through a vertical line at
X = 0.5 km

In general, we can note the solutions from the second
optimization step presents more defined interfaces due to
the regularization term Rp which penalizes design variables
far from μm. Figure 22 presents a comparison between the
solutions from both step 1 and step 2 (with αs = 1 · 10−8),
along with the initial guess and the original model through
a vertical line located at X = 0.5 km.

Although a discrete solution is not achieved, it can be
noted the solution from step 2 is closer to the original model
which indicates that the peak material model along with the
regularization scheme is able to refine the solution obtained
by using the linear interpolation.

5 Conclusions

In this work, the parameter identification problem of
acoustic media under harmonic regime is investigated for
two- and multi-phase problems by means of a framework
based on the topology optimization method. A two-step
optimization combined with a curve fitting scheme is
proposed to deal with problems in which no information
regarding the acoustic phases are available. Thus, a first
optimization step using a linear material interpolation
provides modeling data to define phase candidates through
an iterative curve fitting procedure. A peak material model
is then used to find a solution with sharper interfaces aided
by a regularization strategy. The curve fitting strategy is able
to find appropriate phase candidates with error below 4%
when comparing with the original model with four acoustic
phases. The solution from the optimization with linear
interpolation is used as initial guess and it is refined by
using the peak material model along with the regularization
scheme. The numerical results show that the multi-material
model can help the optimizer to find solutions closer to the
synthetic model depending on the choice of regularization
weights. Several combinations of regularization weights are
analyzed for simply shaped models and these results provide

further insights into their influence on the TO solutions.
We expect that this strategy to calibrate the regularization
weights can also be useful when solving an identification
problem for more complex models.
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