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ABSTRACT
This paper considers the stochastic optimal control of a multi-period mean-variance trade-off per-
formance criterion with and without constraints for discrete-time linear systems subject to multi-
plicative noises. We adopt amean-field approach to tackle the problem and obtain a solution for the
unconstrained case in terms of a Riccati-like difference equation. From this general result, we obtain
a sufficient condition for a closed-form solution for one of the constrained problems considered in
the paper. When particularised to the portfolio selection problem, we show that our results retrieve
some of the results available in the literature. We conclude the paper by illustrating the obtained
optimal controls with a multi-period portfolio selection problem where weminimise the sum of the
mean-variance trade-off costs of a portfolio against a benchmark along the time.
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1. Introduction

Lately, there has been an increasing interest in
the literature for linear systems with multiplicative
noises. This class of models, sometimes also com-
bined with Markov jumps, has found many appli-
cations such as in signal processing systems (Ger-
shon et al., 2001; Wang , 2002), biological motor sys-
tems (Yurchenkov, 2018), aerospace systems (Basin,
Ramirez, 2018; Basin, Yu, 2018) and finance (Bar-
bieri & Costa, 2018; Costa & de Paulo, 2008; Sun
et al., 2019; Zhu et al., 2004). We can refer the book
(Dragan et al., 2013) and references therein for a gen-
eral overview for this class of models.

From the portfolio optimisation point of view, one
of the main applications of linear systems with mul-
tiplicative noises is related to the classical portfolio’s
mean-variance (MV) problem. For a pension fund, for
instance, the main goals of these problems necessar-
ily consider restrictions such asmaximise the expected
return for a given level of risk orminimise the expected
risk for a given level of expected return. This class
of problems has been analysed for the continuous-
time case (see for instance Zhou & Li, 2000) as well
as for the discrete-time case, see for instance (Barbieri
&Costa, 2018; Costa&Nabholz, 2007;Guo et al., 2012;

CONTACT Fabio Barbieri f.barbieri@usp.br

Leippold et al., 2004; Li & Ng, 2000; Zhu et al., 2004).
As pointed out in Li and Ng (2000), one of the dif-
ficulties associated to the multi-period MV portfolio
optimisation problem is that it is nonseparable in the
sense of dynamic programming due to the quadratic
term that arises from the variance. One approach to
overcome this difficulty considers an analogous aux-
iliary problem with no quadratic term that solves the
unconstrained and some constrained problems (Li
& Ng, 2000; Zhou & Li, 2000). There are other meth-
ods to overcome the nonseparability issue in the MV
problem as presented in Cerný and Kallsen (2009), Li
et al. (2002), Schweizer (1996) and Xia and Yan (2006).
Following a different approach, the authors in Cui
et al. (2014) obtained an optimal policy to the multi-
period MV problem by using the mean-field formula-
tion, which consists of directly tackling the nonsepa-
rable dynamic MV problem by including the expected
values of the portfolio and the investment strategy as
variables of the dynamical system.

In this paper, we generalise the scalar unified frame-
work in Cui et al. (2014) for linear systems with mul-
tiplicative noises and use the mean-field approach to
solve some classical MV problems with restrictions by
reducing them to unconstrained problems. In general,
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themean-field type of optimal stochastic control mod-
els considers the states as well as their expected values
in either the system dynamics or the objective func-
tions, or both. The mean-field approach was intro-
duced in physics by Kac (1956) who presented the
McKean-Vlasov stochastic differential equation moti-
vated by a stochastic toy model for the Vlasov kinetic
equation of plasma. There are several results related to
mean-field linear-quadratic (LQ) unconstrained prob-
lems applied to linear systems with multiplicative
noises. See (Huang et al., 2015; Li et al., 2019; Moon
& Kim, 2019; Yong, 2013) and references therein for
examples of unconstrained optimal control laws in the
continuous-time with finite and infinite horizon and
with Markov jumps.

The reader is also referred to Ni, Zhang (2015),
Yang et al. (2019) and Zhang et al. (2019) and ref-
erences therein for the unconstrained optimal con-
trol laws of discrete-time infinite-horizon, and Ben-
soussan et al. (2013), Huang and Li (2018), Gomes
and Saude (2014), Carmona and Delarue (2018),
Moon (2019) for applications on mean-field games.

Regarding the discrete-time mean-field finite-
horizon problem, Elliott and Ni (2013), Ni,
Elliott (2015), Ni et al. (2016b) and Ni et al. (2016a)
investigated the unconstrained multi-period control
problem of systems with multiplicative noises similar
to ours. Elliott Ni (2013) provided a necessary and suf-
ficient solvability condition alongside with an explicit
optimal control using a matrix dynamical optimisa-
tion method. Ni et al. (2015) studied the case with
indefinite cost weighting matrices and provided nec-
essary and sufficient conditions for the solvability of
the MV problem. It also showed a necessary condi-
tion for the solvability of the mean-field LQ problem
based on the equivalence between the constrained gen-
eralised difference Riccati equations and a constrained
linear recursive equation. Ni et al. (2016b) introduced
a decomposition technique of the state and the con-
trol based on the modes of a Markov chain. Finally,
Ni et al. (2016a) investigated the open and closed-loop
optimal control with amore in-depth characterisation,
difference and relationship between them.

As exemplified by the papers above, there is an
extensive literature regarding the unconstrainedmulti-
period optimal control strategy using the mean-field
formulation. However, to the best of our knowledge,
MV and constrained multi-period optimal control
problems for systems with multiplicative noises lacks

further investigation and poses new challenges in this
field. The present paper aims to apply the mean-field
formulation presented in Cui et al. (2014) to overcome
the nonseparability difficulties associated with theMV
control problems for the class of discrete-time linear
systems with multiplicative noises. By doing this, we
can handle the mathematical difficulties regarding the
characterisation of optimal control laws and closed-
form solutions for this class of MV control problems.

Our methodology consists of using the mean-field
formulation to study a multi-periodMV control prob-
lem for a discrete-time linear system subject to multi-
plicative noises, with state-variable x(k), by analysing
its expected value, given by x̄(k), together with z(k) =
x(k) − x̄(k). The optimal control law for this general
multi-periodMVproblem is derived by using dynamic
programming and, based on this solution, we obtain
the optimal control strategy for the unconstrained
problem. In order to solve the constrained prob-
lems, we adopt the Lagrangian multipliers approach
to rewrite the problems with restrictions as uncon-
strained ones, and in one of these problems a closed-
form solution is derived.

In contrast to previous papers, the main contribu-
tions of this paper are summarised as follows:

• We generalise the scalar unified framework in Cui
et al. (2014) for discrete-time linear systems with
multiplicative noises and obtain the multi-period
optimal control law for a general MV problem. The
optimal control strategy is derived from a set of
two generalised Riccati difference equations and
some parameters obtained from some recursive
equations.

• Based on the solution to this general problem,
we consider four other problems. The first one
optimises an unconstrained trade-off between the
expected output of the system and its variance. For
the other three problems, we adopt the Lagrangian
multipliers approach to rewrite the problems as
unconstrained ones. The second one minimises the
variance while keeping the expected output of the
system constrained by a minimum value. The third
performance criterion maximises the expected out-
put of the system while keeping its variance con-
strained by a maximum value, and the fourth per-
formance criterion maximises the expected output
of the system while restricting its minimum value
to a given probability of occurrence.
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• We derive a sufficient condition for a closed-
solution for the problem ofminimising the variance
while keeping the expected output of the system
constrained by a minimum value.

• We show that when particularised to the portfo-
lio optimisation problem, we retrieve the results
obtained in Cui et al. (2014) using the mean-field
formulation.

• We present some numerical examples for themulti-
period portfolio selection problem, in which it is
desired to minimise the sum of the mean-variance
trade-off costs of a portfolio against a benchmark
along the time.

The paper is organised as follows. Section 2 shows
the notation, some preliminary results, the prob-
lem definition and the mean-field formulation. In
Section 3, we present some auxiliary results, and
in Section 4, we obtain the main results of this
paper. We illustrate our formulation to a portfolio
allocation problem in Section 5, where we initially
retrieve some known results in the literature, and later
we present numerical examples for the multi-period
mean-variance portfolio tracking problem. Section 6
concludes the paper with some final comments. In the
Appendix, we present some auxiliary results.

2. Problem definition andmean-field
formulation

2.1. Notation and auxiliary results

Throughout the paper, the n-dimensional real
Euclidean space will be denoted byRn and the normed
bounded linear space of all n × m real matrices by
Hn,m with Hn = Hn,n.

For A ∈ Hn, we use the standard notation A ≥ 0
(A>0 respectively) to denote that thematrixA is posi-
tive semi-definite (positive definite) and write Hn+ for
the set of positive semi-definite matrices.

The range and the null spaces of a matrix A ∈ Hn,m

will be denoted respectively by Im(A) and Ker(A), and
A′ will represent the transpose of A.

We recall that Im(A) = Ker(A′)⊥, whereX⊥ repre-
sents the orthogonal complement of a linear subspace
X .

For a matrix A ∈ Hn,m, the generalised inverse of A
(or Moore-Penrose inverse of A) is defined to be the
unique matrix A† ∈ Hm,n such that (i) AA†A = A, (ii)

A†AA† = A†, (iii) (AA†)′ = AA† and (iv) (A†A)′ =
A†A (see Saberi & Sannuti, 1995, pp. 12–13).

The operator expected value will be represented by
E(·). The following propositions will be useful in the
sequel.

Proposition 2.1: Consider Z ∈ Hn and M ∈ Hm with
Z ≥ 0 and M ≥ 0. Let A and B be stochastic matrices
(that is, each element of thematrix is a randomvariable)
of appropriate dimensions.

Then E(A′ZA) − E(A′ZB)(E(B′ZB + M))†E(B′
ZA) ≥ 0 and E(A′ZB) = E(A′ZB)(E(B′ZB) + M)†

(E(B′ZB) + M).

Proof: See Proposition 3 in Costa de Paulo (2007).
�

Proposition 2.2: For G = G′ ∈ Hn and H ∈ Hn,m it
follows that H(I − GG†) = 0 if and only if Ker(G) ⊆
Ker(H).

Proof: See Lemma 4.2 in Rami et al. (2002). �

2.2. Problem formulation

We consider the following linear system with mul-
tiplicative noise, on a probabilistic space (�,P,F),
running up to a final time T:

x(k + 1) =
⎛⎝Ā(k) +

εx∑
s=1

Ãs(k)wx
s (k)

⎞⎠ x(k)

+
⎛⎝B̄(k) +

εu∑
s=1

B̃s(k)wu
s (k)

⎞⎠ u(k),

x(0) = x0, k = 0, . . . ,T − 1. (1)

We consider the following scalar output of system (1):

y(k) = L(k)x(k), (2)

where L(k) ∈ H1,n.
Without loss of generality, we assume that ε = εx =

εu.
We have for each k = 0, 1, . . . ,T − 1, Ā(k) ∈ Hn,

Ãs(k) ∈ Hn, s = 1, . . . , ε, B̄(k) ∈ Hm,n, B̃s(k) ∈ Hm,n,
s = 1, . . . , ε.

The multiplicative noises {wx
s (k); s = 1, . . . εx, k =

0, 1, . . . ,T − 1} and {wu
s (k); s = 1, . . . εu, k = 0, 1, . . . ,
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T − 1} are, without loss of generality, both zero-
mean random variables with variance equal to 1,
E(wx

i (k)w
x
j (k)) = 0 and E(wu

i (k)w
u
j (k)) = 0 for all k

and i �= j.
We also assume that wx

s (k), wx
s′(k

′), wu
s (k) and

wu
s′(k

′) are independent for k �= k′ and s, s′ = 1, . . . , ε.
The mutual correlation between wx

s1(k) and wu
s2(k)

is denoted by E(wx
s1(k)w

u
s2(k)) = ρs1,s2(k).

The initial condition x0 is assumed to be a vector in
Rn .

We define Fτ as the σ -field generated by {wx
s (k),

wu
s (k); s= 1, . . . , ε, k= 0, . . . , τ − 1} for τ = 1, . . . ,T,

and F0 the trivial σ -field over �, so that the expected
value E(·|F0) is just the unconditional expected value
E(·).

We write Q(k) = {u(k); u(k) is anm−dimensional
random vector with finite second moments and
Fk−measurable} and U(τ ) = {uτ = (u(τ ), . . . , u(T −
1)); u(k) ∈ Q(k) for each k = τ , . . . ,T − 1}.

For simplicity we write U = U(0).
The superscript u will indicate that the control law

u is being applied to Equations (1) and (2).
The mean-variance general problem, denoted by

PG(ν, ξ , l,D), will be used as a base problem to solve
all four specific problems and is defined as:

PG (ν, ξ , l,D) : min
u∈U

T∑
t=1

(
ν(t)Var

(
yu (t)

)
− ξ(t)E

(
yu (t)

)
− l(t)E

(
yu (t)

)2 + D(t)
)
, (3)

where the vectors ν′ = [ν(1), . . . , ν(T)] ≥ 0 and ξ ′ =
[ξ(1), . . . , ξ(T)] ≥ 0 are the input parameters for this
problem. They can be seen as risk aversion coefficients,
giving a trade-off preference between the expected
output and the associated risk (variance) level at time t.
We also have the input parameter l′ = [l(1), . . . , l(T)],
associated with the squared expected output andD′ =
[D(1), . . . ,D(T)] introduced just to help the nota-
tion of problems to be defined later. Since D does not
depend on the control variable, it could be removed
from the optimisation problem.

The parameters l(t) and D(t) will be appropriately
specified in the sequel.

Remark 2.1: In what follows it will be convenient to
set ν(0) = 0, ξ(0) = 0, l(0) = 0 and D(0) = 0.

The mean-variance unconstrained problem is
defined as:

PU (ν, ξ) : min
u∈U

T∑
t=1

(
ν(t)Var

(
yu (t)

)
− ξ(t)E

(
yu (t)

) )
, (4)

and in this case, we wish an optimal control with
no restriction in neither the expected output nor its
variance.

Notice that Problem PU(ν, ξ) in Equation (4) can
be rewritten as in Equation (3) by taking l(t) = 0 and
D(t) = 0, t = 1, . . . ,T.

Providing an analytical solution to the optimal con-
trol law that takes into consideration a restriction on
either the minimum expected output or the maximum
variance over time would be relevant to extend the
applicability of our formulation.

Portfolio managers of pension funds, for instance,
would be interested in achieving a return above infla-
tion or even defining a portfolio that has limited risk
over specific periods.

These two constrained problems are defined as:

PC1 (ν, ε) : min
u∈U

T∑
t=1

(
ν(t)Var

(
yu(t)

) )
s.t. : E

(
yu(t)

)
� ε(t) (5)

and

PC2 (ξ ,ϕ) : min
u∈U

−
T∑
t=1

(
ξ(t)E

(
yu(t)

) )
s.t. : Var

(
yu(t)

)
� ϕ(t), (6)

for t = 1, . . . ,T.
In problem PC1, we wish the control strategy that

minimises the weighted sum of the variance while
restricting the expected return to a minimum value,
ε(t).

In problem PC2, we wish the control strategy that
maximises the weighted sum of the expected output
while restricting its variance to amaximumvalue,ϕ(t).

As before, ν and ξ are input parameters that repre-
sent a trade-off between risk and return over time.

Another relevant problem for investors, for
instance, would involve the risk control that main-
tains the portfolio value above a minimum value with
a given probability.
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This dynamic mean-variance problem with risk
control over a minimum expected output subjected to
a maximum probability of occurrence is formulated as
the following problem,

min
u∈U

−
T∑
t=1

(
ξ(t)E

(
yu(t)

) )
s.t. : P (x(t) � b(t)) � a(t), (7)

for t = 1, . . . ,T, where b(t) is the disaster level of the
output and a(t) is its acceptable maximum probability.

In a portfoliomanagement perspective, for instance,
b(t) can be considered as the minimum level of capi-
tal and a(t) as the maximum acceptable probability of
achieving b(t).

As the problem defined in Equation (7) is hard to be
directly solved, we replace P(x(t) � b(t)) by its upper
bound Var(yu(t))/[E(yu(t)) − b(t)]2 using Tcheby-
cheff inequality as proposed in Zhu et al. (2004), result-
ing in the following generalisedmean-variancemodel,

PC3 (ξ , a, b) : min
u∈U

−
T∑
t=1

(
ξ(t)E

(
yu(t)

) )
s.t. : Var

(
yu(t)

)
� a(t)

[
E
(
yu(t)

)− b(t)
]2 ,

(8)

for t = 1, . . . ,T.
The optimal solution to Problem PC3(ξ , a, b) is fea-

sible to Problem (7), thus serving as an approximate
solution for this problem.

2.3. Lagrangian optimisation problems

In order to solve Problems (5), (6), and (8), we adopt, as
in Zhu et al. (2004), a primal-dual method by attach-
ing the constraints to the objective function through
the Lagrangian multipliers ω′ = [ω(1), . . . ,ω(T)],
ω(t) ≥ 0, t = 1, . . . ,T. The new problems take the
following unconstrained forms:

PL1(ω) : min
u∈U

T∑
t=1

(
ν(t)Var

(
yu(t)

)
+ ω(t)

(
ε(t) − E

(
yu(t)

)) )
, (9)

PL2(ω) : min
u∈U

T∑
t=1

(
ω(t)

(
Var

(
yu(t)

)− ϕ(t)
)

Table 1. Input parameters.

Parameter PU PL1 PL2 PL3

ν(k) ν(k) ν(k) ω(k) ω(k)
ξ(k) ξ(k) ω(k) ξ(k) ξ(k)
l(k) 0 0 0 ω(k)a(k)
D(k) 0 ω(k)ε(k) −ω(k)ξ(k) 2ω(k)a(k)b(k)L(k)

−ω(k)a(k)b(k)2

− ξ(t)E
(
yu(t)

) )
, and (10)

PL3(ω) : min
u∈U

T∑
t=1

(
ω(t)

(
Var

(
yu(t)

)
− a(t)

[
E
(
yu(t)

)− b(t)
]2 )

− ξ(t)E
(
yu(t)

) )
. (11)

In all the above problems the next step it to solve
the Lagrangian dual problem PCi = maxω≥0H(ω)

whereH(ω) = PLi(ω), i = 1, 2 or 3 (see also Bazaraa
et al., 2013). Notice that Equations (4), (9), (10)
and (11) can be rewritten as in Equation (3) by choos-
ing the parameters ν(k), ξ(k), l(k) and D(k) as in
Table 1.

2.4. Mean-field formulation

We consider now the mean-field formulation for the
general problem PG.

For that we define x̄(k) = E(x(k)), z(k) = x(k) −
x̄(k), ū(k) = E(u(k)), v(k) = u(k) − ū(k).

From Equation (1) and the independence hypothe-
sis made on the multiplicative noises, we get that

x̄(k + 1) = Ā(k)x̄(k) + B̄(k)ū(k),

x̄(0) = x0, k = 0, . . . ,T − 1,
(12)

and

z(k + 1) =
⎛⎝Ā(k) +

εx∑
s=1

Ãs(k)wx
s (k)

⎞⎠ z(k)

+
εx∑
s=1

Ãs(k)wx
s (k)x̄(k)

+
⎛⎝B̄(k) +

εu∑
s=1

B̃s(k)wu
s (k)

⎞⎠ v(k)
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+
εu∑
s=1

B̃s(k)wu
s (k)ū(k),

z(0) = 0, k = 0, . . . ,T − 1. (13)

We define S(k), V(τ ), M(τ ) as follows: we say
that (ū(k), v(k)) ∈ S(k) if ū(k) ∈ Rm and v(k) ∈
Q(k) satisfying E(v(k)) = 0, that (ūτ , vτ ) ∈ V(τ )

if (ūτ , vτ ) = ((ū(τ ), v(τ )), . . . , (ū(T − 1), v(T − 1)))
with (ū(k), v(k)) ∈ S(k) for each k = τ , . . . ,T − 1,
and that (ūτ , vτ ) = ((ū(0), v(0)), . . . , (ū(τ ), v(τ ))) ∈
M(τ ) if (ū(k), v(k)) ∈ S(k) for each k = 0, . . . , τ . As
before we set V = V(0) and write (ū, v) = (ū0, v0) ∈
V. Problem PG(ν, ξ , l,D) in Equation (3) can be
rewritten now as

PG (ν, ξ , l,D) : J0 (x̄(0), z(0))

= min
(ū,v)∈V

T∑
t=1

E

(
ν(t)(L(t)z(t))2 − ξ(t)L(t)x̄(t)

− l(t)(L(t)x̄(t))2 + D(t)
)
, (14)

with x̄ and z satisfying Equations (12) and (13). By the
fact that E(v(k)) = 0, we get from Equation (13) that
E(z(k)) = 0 for all k = 0, . . . ,T. Indeed, by induc-
tion, clearly we have that E(z(0)) = 0 and, consid-
ering E(z(k)) = 0, we have from the independence
hypothesis made on the multiplicative noises and
Equation (13) that

E(z(k + 1))

=
⎛⎝Ā(k) +

εx∑
s=1

Ãs(k)E(wx
s (k))

⎞⎠E(z(k))

+
εx∑
s=1

Ãs(k)E(wx
s (k))x̄(k)

+
⎛⎝B̄(k) +

εu∑
s=1

B̃s(k)E(wu
s (k))

⎞⎠E(v(k))

+
εu∑
s=1

B̃s(k)E(wu
s (k))ū(k) = 0.

At each time k ∈ {1, . . . ,T} and for any (ūk−1, vk−1) ∈
M(k − 1), define the following intermediate problem

for Problem (14):

Jk
(
x̄(k), z(k), (ūk−1, vk−1)

)
= min

(ūk,vk)∈V(k)

T∑
t=k

E

(
ν(t)(L(t)z(t))2 − ξ(t)L(t)x̄(t)

− l(t)(L(t)x̄(t))2 + D(t)|Fk

)
. (15)

We have the following result.

Lemma 2.1: Assume that for t ∈ {1, . . . ,T} and any
(ūt−1, vt−1) ∈ M(t − 1),

E(Jt
(
x̄(t), z(t), (ūt−1, vt−1)

) |Ft−1)

= G1
t−1(x̄(t − 1), z(t − 1), (ūt−1, vt−1))

+ G2
t−1(x̄(t − 1), z(t − 1), (ūt−1, vt−1)) (16)

with

E(G2
t−1(x̄(t − 1), v(t − 1), (ūt−1, vt−1))) = 0. (17)

Then for t = 0, . . . ,T − 1,

(ū∗(t), v∗(t)) = arg min
(ū(t),v(t))∈S(t)

{
G1
t (x̄(t), z(t),

((ūt−1, vt−1), (ū(t), v(t)))

+ ν(t)(L(t)z(t))2 − ξ(t)L(t)x̄(t)

− l(t)(L(t)x̄(t))2 + D(t)
}

and

J0 (x̄(0), z(0))

= min
(ūt ,vt)∈M(t)

⎧⎨⎩E

(
G1
t (x̄(t), z(t), (ū

t , vt))
)

+
t∑

j=0
E

(
ν(j)(L(j)z(j))2

− ξ(j)L(j)x̄(j) − l(j)(L(t)x̄(j))2 + D(j)
)⎫⎬⎭ ,

i.e. G1
t (x̄(t), z(t), ((ūt−1, vt−1), (ū(t), v(t))) + ν(t)(L(t)

z(t))2 − ξ(t)L(t)x̄(t) − l(t)(L(t)x̄(t))2 + D(t) can be
regarded as the benefit-to-go function at time t of prob-
lem PG.

Proof: It is an immediate application of Lemma 3 in
Cui et al. (2014) �
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Remark 2.2: Notice that we can rewrite Equation (9)
using the mean-field formulation as

PL1(ω) : JPL10 (x̄(0), z(0))

= min
(ū,v)∈V

T∑
t=1

E

(
ν(t)(L(t)z(t))2 − ω(t)L(t)x̄(t)

+ ω(t)ε(t)
)
. (18)

Similarly, we can rewrite Equation (10) using the
mean-field formulation as

PL2(ω) : JPL20 (x̄(0), z(0))

= min
(ū,v)∈V

T∑
t=1

E

(
ω(t)(L(t)z(t))2 − ξ(t)L(t)x̄(t)

− ω(t)ϕ(t)
)

(19)

and Equation (11) as

PL3(ω) : JPL30 (x̄(0), z(0))

= min
(ū,v)∈V

T∑
t=1

E

(
ω(t) (L(t)z(t))2

− ω(t)a(t) (L(t)x̄(t))2

− ζω(t)x̄(t) − ω(t)a(t)b(t)2
)
, (20)

where for t = 1, . . . ,T,

ζω(t) = ξ(t)L(t) − 2ω(t)a(t)b(t)L(t). (21)

Finally, Problem PU(ν, ξ) in Equation (4) can be
rewritten using the mean-field formulation as

PU (ν, ξ) := min
(ū,v)∈V

T∑
t=1

E

(
ν(t)(L(t)z(t))2

− ξ(t)L(t)x̄(t)
)
. (22)

3. Main operators and auxiliary results

For k = 0, . . . ,T − 1, the following operators
A(k, ., .) ∈ Hn, G(k, ., .) ∈ Hn × Hn,Hn,m, R(k, .) ∈
Hn × Hn,Hm, and the nonlinear operators K(k, ., .),
M(k, ., .) and P(k, .) will be useful in the sequel.

For X,Y ∈ Hn,

A(k,X,Y) = Ā(k)′XĀ(k) +
ε∑

s=1
Ãs(k)′YÃs(k),

G(k,X,Y) =
⎛⎝Ā(k)′XB̄(k)

+
ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′YB̃s2(k)

⎞⎠′

,

R(k,X,Y) = B̄(k)′XB̄(k) +
ε∑

s=1
B̃s(k)′YB̃s(k),

K(k,X,Y) = R(k,X,Y)†G(k,X,Y),

M(k,X,Y) = A(k,X,Y) − G(k,X,Y)′

× R(k,X,Y)†G(k,X,Y),

M̄(k,X,Y) = M(k,X,Y) − l(k)L(k)′L(k), and

P(k,X) = M(k,X,X) + ν(k)L(k)′L(k). (23)

Define also the nonlinear operators V(k, ., .) and
D(k, ., ., .) as follows. For X,Y ∈ Hn,V ∈ H1,n, γ ∈ R,

V(k,X,Y ,V) = V
(
Ā(k) − B̄(k)K(k,X,Y)

)
+ ξ(k)L(k) and (24)

D(k,X,Y ,V , γ ) = γ − 1
4
VB̄(k)R(k,X,Y)†

× B̄(k)′V ′ + D(k). (25)

The following auxiliary proposition will be needed in
the sequel.

Proposition 3.1: For X,Y ∈ Hn+, we have that
P(k,X) ∈ Hn+,M(k,X,Y) ∈ Hn+ and

G(k,X,Y)′ = G(k,X,Y)′R(k,X,Y)†R(k,X,Y).
(26)

Proof: Set in Proposition 2.1M = 0,

A =
[

Ā(k)∑ε
s=1 Ãs(k)wx

s (k)

]
,

B =
[

B̄(k)∑ε
s=1 B̃s(k)w

u
s (k)

]
, and

Z =
[
X 0
0 Y

]
≥ 0. (27)

Then, from the hypothesis made for {wx
s (k)} and

{wu
s (k)}, we have that E(A′ZA) = A(k,X,Y), E(A′
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ZB) = G(k,X,Y)′, E(B′ZB) = R(k,X,Y), and that
M(k,X,Y) = E(A′ZA) − E(A′ZB)(E(B′ZB))†

E(B′ZA).
Then Equation (26) follows from Proposition 2.1.

�

We will use the Bellman optimality equation,
written in terms of the operators above, to solve
Problem (14).

Define the following sequences for k = T,T −
1, . . . , 0,

P(k) = P(k, P(k + 1)),

P(T) = ν(T)L(T)′L(T), (28)

M(k) = M̄(k,M(k + 1), P(k + 1)),

M(T) = −l(T)L(T)′L(T), (29)

V(k) = V(k,M(k + 1), P(k + 1),V(k + 1)),

V(T) = ξ(T)L(T), and (30)

γ (k) = D(k,M(k + 1), P(k + 1),

V(k + 1), γ (k + 1)), γ (T) = D(T).
(31)

Remark 3.1: If Ãs(k) = 0, k = 0, . . . ,T − 1 and
l(k) = 0, k = 1, . . . ,T, then M(k) = 0 for all k =
0, . . . ,T. Indeed, by applying induction on k = T,T −
1, . . . , 0 in Equation (29) we have, by definition, that
M(T) = 0. Now supposing that M(k + 1) = 0 we get
that A(k,M(k + 1), P(k + 1)) = A(k, 0, P(k + 1)) =
0 and G(k,M(k + 1), P(k + 1)) = G(k, 0, P(k + 1)) =
0 since Ãs(k) = 0, and thus M(k) = M(k,M(k +
1), P(k + 1)) = M(k, 0, P(k + 1)) = 0 (notice that in
this case, M̄ = M), completing the induction
arguments.

Set also

K(k) = R(k, P(k + 1), P(k + 1))†

× G(k, P(k + 1), P(k + 1)) and (32)

H(k) = R(k,M(k + 1), P(k + 1))†

× G(k,M(k + 1), P(k + 1)). (33)

From Proposition 3.1, we have the following result.

Proposition 3.2: We have that P(k) ∈ Hn+, M(k) ∈
Hn+,

G(k, P(k), P(k))′ = G(k, P(k), P(k))′R(k, P(k),

P(k))†R(k, P(k), P(k)), and
(34)

G(k,M(k), P(k))′ = G(k,M(k), P(k))′R(k,M(k),

P(k))†R(k,M(k), P(k)). (35)

Proof: The result follows from Proposition 3.1, after
induction on k to show that P(k) ∈ Hn+,M(k) ∈ Hn+,
for all k = T, . . . , 0. �

Wemake the following assumption:

Assumption 3.1: We assume that for k = 0, . . . ,T −
1,

B̄(k)′V(k + 1)′ ∈ Im(R(k,M(k + 1), P(k + 1))) and
(36)

R(k,M(k + 1), P(k + 1)) ≥ 0. (37)

Remark 3.2: Notice that from Proposition 3.1 and
Equation (28), we have that P(k) ≥ 0 for all k =
0, . . . ,T since P(T) ≥ 0. If l(k) = 0 for all k =
1, . . . ,T (as in Problems PU, PL1 and PL2) then from
Equation (23), we get that M̄ = M so that from
Proposition 3.1 andEquation (29)we have thatM(t) ≥
0 for all t = 0, . . . ,T.

In this case, l(k) = 0, k = 1, . . . ,T, and we only
require Equation (36) in Assumption 3.1, since from
the definition of R in Equation (23) and the fact that
M(k) ≥ 0, P(k) ≥ 0 for all k = 0, . . . ,T, we get that
Equation (37) will always be satisfied.

We have the following result:

Proposition 3.3: We have that for k = 0, . . . ,T − 1,

V(k + 1)B̄(k) = V(k + 1)B̄(k)R(k,M(k + 1),

P(k + 1))†R(k,M(k + 1), P(k + 1)).
(38)

Proof: Set for simplicity R = R(k,M(k + 1), P(k +
1)) and H = B̄(k)′V(k + 1)′. Since Im(R) = Im(R†)

and Im(R†) = Ker(R†)⊥, we have from Equation (36)
that H ∈ Im(R†), and thus Ker(R†) ⊆ Ker(H′).

From Proposition 2.2, we get Equation (38). �
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Conditions (36) and (37) are equivalent to the fol-
lowing computationally easier to check condition:⎡⎢⎢⎢⎢⎣

B̄(k)V(k + 1)R(k,M(k + 1), B̄(k)V(k + 1)
P(k + 1))†B̄(k)′V(k + 1)′

B̄(k)V(k + 1) R(k,M(k + 1),
P(k + 1))

⎤⎥⎥⎥⎥⎦
≥ 0. (39)

Indeed, fromSchur’s complement, (39) is equivalent
to R(k,M(k + 1), P(k + 1)) ≥ 0 and (38) (see Saberi
Sannuti (1995), pp. 12–13), which is equivalent to (36),
see Proposition 3.3.

4. Main results

Define for (ūk, vk) ∈ M(k), k = 0, . . . ,T − 1,

G1
k(x̄(k), z(k), (ū

k, vk))

= z(k)′(A(k, P(k + 1), P(k + 1))z(k)

+ x̄(k)′(A(k,M(k + 1), P(k + 1)))x̄(k)′

+ v(k)′(R(k, P(k + 1), P(k + 1)))v(k)

+ ū(k)′(R(k,M(k + 1), P(k + 1)))ū(k)

+ 2z(k)′G(k, P(k + 1), P(k + 1))′v(k)

+ 2x̄(k)′G(k,M(k + 1), P(k + 1))′ū(k)

− V(k + 1)(Ā(k)x̄(k) + B̄(k)ū(k)) + γ (k + 1)
(40)

and

G2
k(x̄(k), z(k), (ū

k, vk))

= 2z(k)′
⎛⎝ ε∑

s=1
Ãs(k)′P(k)Ãs(k)x̄(k)

+
ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′P(k)̃Bs2(k)

⎞⎠ ū(k)

+ 2

⎛⎝x̄(k)′ ε∑
s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′P(k)̃Bs2(k)

+ ū(k)′
ε∑

s=1
B̃s(k)′P(k)̃Bs(k)

⎞⎠ v(k). (41)

Note that

E(G2
k(x̄(k), z(k), (ū

k, vk)))

= 2

⎛⎝E(z(k))′
⎛⎝( ε∑

s=1
Ãs(k)′P(k)Ãs(k)

)
x̄(k)

+
⎛⎝ ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′P(k)B̃s2(k)

⎞⎠⎞⎠ ū(k)

+ 2

⎛⎝x̄(k)′
⎛⎝ ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′P(k)B̃s2(k)

⎞⎠
+ ū(k)′

(
ε∑

s=1
B̃s(k)′P(k)B̃s(k)

)⎞⎠E(v(k)) = 0

since E(z(k)) = 0 and E(v(k)) = 0.

Theorem 4.1: Suppose that Assumption 3.1 holds. We
have that

Jk
(
x̄(k), z(k), (ūk−1, vk−1)

)
= z(k)′P(k)z(k) + x̄(k)′M(k)x̄(k)

− V(k)x̄(k) + γ (k) (42)

and Equation (16) is satisfied with G1
k and G2

k as in
Equations (40) and (41), respectively. Moreover, the
optimal control strategy for Problem (3) is given by
u∗(k) = v∗(k) + ū∗(k), where

v∗(k) = −K(k)z(k) and (43)

ū∗(k) = −H(k)x̄(k) + 1
2
R(k,M(k + 1), P(k + 1))†

× B̄(k)′V(k + 1)′. (44)

Proof: We apply backward induction on k. For k = T,
we have that

JT
(
x̄(T), z(T), (ūT−1, vT−1)

)
= ν(T)z(T)′L(T)′L(T)z(T)

− l(T)x̄(T)L(T)′L(T)x̄(T)′

− ξ(T)L(T)x̄(T) + D(T)

and the results follow with P(T) = ν(T)L(T)′L(T),
M(T) = −l(T)L(T)′L(T), V(T) = ξ(T)L(T) and
γ (T) = D(T). Suppose that Equation (42) holds for
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k+ 1. In this case, we have that

E(Jk
(
x̄(k + 1), z(k + 1), (ūk, vk)

)
|Fk)

= E(z(k + 1)′P(k + 1)z(k + 1)

+ x̄(k + 1)′M(k + 1)x̄(k + 1)

− V(k + 1)x̄(k + 1)|Fk) + γ (k + 1). (45)

Let us evaluate each term in Equation (45). For the first
term, we have from Equation (13) that

E(z(k + 1)′P(k + 1)z(k + 1)|Fk)

= z(k)′
(
Ā(k)′P(k + 1)Ā(k)

+
ε∑

s=1
Ãs(k)′P(k + 1)Ãs(k)

)
z(k)

+ x̄(k)′
(

ε∑
s=1

Ãs(k)′P(k + 1)Ãs(k)

)
x̄(k)

+ v(k)′
(
B̄(k)′P(k + 1)B̄(k)

+
ε∑

s=1
B̃s(k)′P(k + 1)̃Bs(k)

)
v(k)

+ ū(k)′
(

ε∑
s=1

B̃s(k)′P(k + 1)̃Bs(k)

)
ū(k)

+ 2z(k)′
(

ε∑
s=1

Ãs(k)′P(k + 1)Ãs(k)

)
x̄(k)

+ 2z(k)′
⎛⎝Ā(k)′P(k + 1)B̄(k)

+
ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′P(k + 1)̃Bs2(k)

⎞⎠ v(k)

+ 2z(k)′
⎛⎝ ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′

× P(k + 1)̃Bs2(k)

⎞⎠ ū(k)

+ 2x̄(k)′
⎛⎝ ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′

× P(k + 1)̃Bs2(k)

⎞⎠ v(k)

+ 2x̄(k)′
⎛⎝ ε∑

s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′

× P(k + 1)̃Bs2(k)

⎞⎠ ū(k)

+ 2ū(k)′
(

ε∑
s=1

B̃s(k)′P(k + 1)̃Bs(k)

)
v(k).

(46)

For the second term, we have from Equation (12) that

E(x̄(k + 1)′M(k + 1)x̄(k + 1)|Fk)

= x̄(k + 1)′M(k + 1)x̄(k + 1)

= x̄(k)′Ā(k)′M(k + 1)Ā(k)x̄(k)

+ 2x̄(k)′Ā(k)′M(k + 1)B̄(k)ū(k)

+ ū(k)′B̄(k)′M(k + 1)B̄(k)ū(k). (47)

For the third term, we have again from Equation
(12) that

E(V(k + 1)x̄(k + 1)|Fk)

= V(k + 1)x̄(k + 1)

= V(k + 1)(Ā(k)x̄(k) + B̄(k)ū(k)). (48)

Summing up the terms in Equations (46)–(48), we
get from Equation (45) that Equations (16) and (17)
are satisfied with G1

k and G2
k as respectively in Equa-

tions (40) and (41).
Notice now thatwe canwrite the benefit-to-go func-

tion at time k using Lemma 2.1 as

G1
k(x̄(k), z(k), ((ū

k−1, vk−1), (ūk, vk)))

+ ν(k)(L(k)z(k))2 − l(k)(L(k)x̄(k))2

− ξ(k)L(k)x̄(k) + D(k)

= z(k)′(A(k, P(k + 1), P(k + 1)

+ ν(k)L(k)′L(k))z(k)

+ x̄(k)′(A(k,M(k + 1), P(k + 1))

− l(k)L(k)′L(k))x̄(k) − (V(k + 1)Ā(k)

+ ξ(k)L(k))x̄(k) + γ (k + 1) + D(k)

+ F1(z(k), v(k), k) + F2(x̄(k), ū(k), k), (49)
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where

F1(z(k), v(k), k)

= v(k)′R(k, P(k + 1), P(k + 1))v(k)

+ 2z(k)′G(k, P(k + 1), P(k + 1))′v(k) and

F2(x̄(k), ū(k), k)

= ū(k)′R(k,M(k + 1), P(k + 1))ū(k)

+
{
2x̄(k)′G(k,M(k + 1), P(k + 1))′

− V(k + 1)B̄(k)
}
ū(k).

For simplicity we set nextR1 = R(k, P(k + 1), P(k +
1)),R2 = R(k,M(k + 1), P(k + 1)), G1 = G(k, P(k +
1), P(k + 1)) and G2 = R(k,M(k + 1), P(k + 1)).

From Proposition 3.2 and the properties of the gen-
eralised inverse, it follows that

F1(z(k), v(k), k) = (v(k) + K(k)z(k))′R1(v(k)

+ K(k)z(k)) − z(k)′G′
1R†

1G1z(k)
(50)

and from Proposition 3.3,

F2(x̄(k), ū(k), k)

=
(
ū(k) +

(
H(k)x̄(k) − 1

2
R†

2B̄(k)′V(k + 1)′
))′

× R2

(
ū(k) +

(
H(k)x̄(k)

− 1
2
R†

2B̄(k)′V(k + 1)′
))

− x̄(k)′G′
2R†

2G2x̄(k)

+ x̄(k)′G′
2R†

2B̄(k)′V(k + 1)′

− 1
4
V(k + 1)B̄(k)R†

2B̄(k)′V(k + 1)′. (51)

Replacing Equations (50) and (51) into Equation (49),
we get that

G1
k(x̄(k), z(k), ((ū

k−1, vk−1), (ūk, vk)))

+ ν(k)(L(k)z(k))2 − l(k)(L(k)x̄(k))2

− ξ(k)L(k)x̄(k) + D(k)

= z(k)′(P(k, P(k + 1))z(k) + x̄(k)′

× (M(k,M(k + 1), P(k + 1))

− l(k)L(k)′L(k))x̄(k) − (V(k + 1)(Ā(k)

− B̄(k)H(k)) + ξ(k)L(k))x̄(k)

− 1
4
V(k + 1)B̄(k)R†

2B̄(k)′V(k + 1)′

+ γ (k + 1) + D(k) + (v(k)

+ K(k)z(k))′R1(v(k) + K(k)z(k))

+
(
ū(k) +

(
H(k)x̄(k)

− 1
2
R†

2B̄(k)′V(k + 1)′
))′R2

(
ū(k) +

(
H(k)x̄(k)

− 1
2
R†

2B̄(k)′V(k + 1)′
))

= z(k)′P(k)z(k) + x̄(k)′M(k)x̄(k)

− V(k)x̄(k) + γ (k)

+ φ1(v(k)) + φ2(ū(k)), (52)

where

φ1(v(k)) = (v(k) + K(k)z(k))′R1(v(k)

+ K(k)z(k)) and (53)

φ2(ū(k)) =
(
ū(k) +

(
H(k)x̄(k)

− 1
2
R†

2B̄(k)′V(k + 1)′
))′

× R2

(
ū(k) +

(
H(k)x̄(k)

− 1
2
R†

2B̄(k)′V(k + 1)′
))

. (54)

We get that minimising the left hand side of
Equation (52) in v(k) and ū(k) is equivalent to min-
imise φ1(v(k)) and φ2(ū(k)) since the other terms do
not depend on v(k) and ū(k). SinceR1 ≥ 0 andR2 ≥
0, the minimum is φ1(v∗(k)) = 0 and φ2(ū∗(k)) =
0, with v∗(k) and ū∗(k) given as in Equations (43)
and (44). Note that E(v∗(k)) = −K(k)E(z(k)) = 0
and thus (ū∗(k), v∗(k)) ∈ S(k). Since

Jk
(
x̄(k), z(k), (ūk−1, vk−1)

)
= min

(ū(k),v(k))∈S(k)
{G1

k(x̄(k), z(k),

((ūk−1, vk−1), (ū(k), v(k)))) + ν(k)(L(k)z(k))2

− l(k)(L(k)x̄(k))2 − ξ(k)L(k)x̄(k) + D(k)},
we get from Equation (52) that Equation (42) is satis-
fied, completing the proof. �

Recalling that z(0) = 0, we have from Theorem 4.1
that PU(ν, ξ) = x′

0M(0)x0 − V(0)x0 + γ (0) and, for
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H(ω) = PLi(ω), i = 1, 2 or 3,

H(ω) = x′
0M(0)x0 − V(0)x0 + γ (0), (55)

where the input parameters for problems PU, PL1, PL2
and PL3 as shown in Table 1. For problems PC1, PC2
and PC3, we still have to solve the Lagrangian dual
problemmaxω≥0H by applying a search algorithm on
ω. As pointed out in Zhu et al. (2004), H is a con-
cave function so that a primal-dual method based on
the gradient method can be applied. Notice that some
extra care need to be taken since at each iteration it is
required to check if Assumption 3.1 is true.

Next, we present a sufficient condition for a closed-
form solution for the problem PC1. From Table 1,
notice that in this case P(k) and M(k), as defined in
Equations (28) and (29), will not dependon the param-
eter ω, so that Assumption 3.1 can be checked inde-
pendently ofω. Notice also that, as seen in Remark 3.2,
P(k) ≥ 0 andM(k) ≥ 0 for all k.

Define for k = 0, . . . ,T − 1,

AH(k) = Ā(k) − B̄(k)H(k), (56)

B̃(k, t) = 1
2

⎛⎝ t−1∏
j=k+1

AH(j)

⎞⎠ B̄(k)R(k,M(k + 1),

P(k + 1))†B̄(k)′, (57)

and let the elements in row r and column c of C ∈ HT

and D ∈ HT,1 be given as

Cr,c = L(r)
min(r,c)−1∑

i=0
B̃(i, r)

×
⎛⎝ c−1∏

j=i+1
AH(j)

⎞⎠′

L(c)′ and (58)

Dr,1 = L(r)
r−1∏
j=0

AH(j)x0. (59)

The following theorem establishes a sufficient con-
dition for the analytical solution to the Lagrangian
dual problem PC1 = maxω≥0H(ω), where H(ω) =
PL1(ω).

Theorem 4.2: Suppose that Assumption 3.1 holds and
assume that det(C) �= 0. Set

ω∗ = C−1(ε − D). (60)

Then if ω∗ ≥ 0, we have that PC1 = maxω≥0H(ω) =
H(ω∗) and an optimal control strategy for problem

PC1 is given by u∗(k) = v∗(k) + ū∗(k) as in Equa-
tions (43), (44), with the parameter ω = ω∗ in Table 1.

Proof: Set for any u ∈ U, �(u) = ∑T
t=1(ν(t)

Var(yu(t))), �(u) = ∑T
t=1(ε(t) − E(yu(t))), so that

H(ω) =minu∈U(�(u) + ω�(u)). From Theorem 4.1,
we have thatH(ω) = U(�(uω) + ω�(uω))with uω is
as in Equations (43) and (44), where we have replaced
the superscript ∗ by ω to indicate the dependence
on the parameter ω. The proof consists in developing
Equation (A5) to obtainE(y(t)) explicitly on eachω(t)
and then solving it forω in order to getE(y(t)) = ε(t).
From Equation (A5) and using the definitions of AH
and B̃ in Equations (56) and (57), respectively, we have
that

E

(
yu

ω

(t)
)

= L(t)
t−1∏
j=0

AH(j)x0

+ L(t)
t−1∑
i=0

B̃(i, t)V(i + 1)′. (61)

Using Equations (30) and (56), we rewrite V(t)′
explicitly on each ω(t), t = 1, . . . ,T, as

V(k)′ =
T∑
c=k

⎛⎝c−1∏
j=k

AH(j)

⎞⎠′

L(c)′ω(c). (62)

Applying Equation (62) into (61), we get that

E

(
yu

ω

(t)
)

= L(t)
t−1∏
j=0

AH(j)x0 + L(t)
t−1∑
i=0

B̃(i, t)

×
T∑

c=i+1

⎛⎝ c−1∏
j=i+1

AH(j)

⎞⎠′

L(c)′ω(c)

= L(t)
t−1∏
j=0

AH(j)x0

+ L(t)
T∑
c=1

min(t,c)−1∑
i=0

B̃(i, t)

×
⎛⎝ c−1∏

j=i+1
AH(j)

⎞⎠′

L(c)′ω(c). (63)

Then we set E(yuω
(t)) = ε(t) for t = 1, . . . ,T,

where ε(t) is a known restriction, and apply
Equation (63) to obtain a set of T equations on
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T unknown ω(t). Finally, using the definitions in
Equations (58) and (59) for r, c = 1, . . . ,T, we rear-
range this system of equations into a vector form
as ε = Cω + D, which can be solved for ω as in
Equation (60) if det(C) �= 0. Set now for any u ∈ U,
�(u) = ∑T

t=1(ν(t)Var(yu(t))), �(u) = ∑T
t=1(ε(t) −

E(yu(t))), so that H(ω) = minu∈U(�(u) + ω�(u)).
Consider u∗ as in Theorem 4.1 with ω = ω∗. We have
that �(u∗) = 0 and for any ω ≥ 0, H(ω) ≤ �(u∗) +
ω�(u∗) = �(u∗) = �(u∗) + ω∗�(u∗) = H(ω∗), so
thatH(ω∗) ≥ H(ω) and thusPC1 = maxω≥0H(ω) =
H(ω∗), completing the proof. �

5. Examples

In this section, we apply the results obtained in
Section 4 to recover some known results analysed in
Cui et al. (2014) for the portfolio selection problem
using the mean-field formulation. For that, we write
in Section 5.1 the portfolio selection problem as the
linear system with multiplicative noise introduced in
Section 2.2 and show that the solution derived from
Theorem 4.1 coincides with the one obtained in Cui
et al. (2014). In Section 5.2, we tackle the portfolio
selection problem considering the risk control over the
bankruptcy problem. We conclude the section by pre-
senting in Section 5.3 some numerical examples for
the portfolio tracking problem using the mean-field
formulation presented in Section 4.

5.1. Portfolio selection considering problem PU

Let us consider a financial market with n risky assets
and one riskless asset, with e(k) = [e1(k) . . . en(k)]′ as
the vector of random returns of the n risky assets at
period k, and s(k) as the deterministic return of the
riskless asset at period k.

As in Cui et al. (2014), it is assumed that the vec-
tors e(k), k = 0, . . . ,T − 1 are statistically indepen-
dent, and it is known the vector of first unconditional
moments E(e(t)) = [E(e1(k)) . . . E(en(k))]′, and sec-
ondmoments given by the positive definite covariance
matrix cov(e(k)) = E(e(k)e(k)′) − E(e(k))E(e(k))′.

Define the random vector η(k) = e(k) − s(k)1,
where 1 is the n-dimensional vector formed by ones
in all its entries.

As shown in Cui et al. (2014), cov(η(k)) > 0 and
thus E(η(k)η(k)′) > 0.

Finally set B(k) = E(η(k))′E(η(k)η(k)′)−1E(η(k)).
From Lemma 2 in Cui et al. (2014) we have that

cov(e(k))−1E(η(k)) = E(η(k)η(k)′)−1E(η(k))
1 − B(k)

.

(64)

Let ui(k) represents the amount of wealth allocated
to asset i at time k with i = 1, . . . , n. The investment
vector strategy u(k) = (u1(k) . . . un(k))′ is said to be
admissible if it is Fk-measurable, where Fk is the σ -
field generated by {e(0), . . . , e(k − 1)}, k = 1, . . . ,T
and F0 is the trivial σ -field.

Associated to each admissible investment strat-
egy u = {u(0), . . . , u(T − 1)}, we have the portfolio’s
value process {xu(k); t = 0, . . . ,T − 1}, which repre-
sents the investor’s wealth at the end of time k.

For notational simplicity, we shall suppress the
superscript u whenever no confusion may arise.

Assuming that the initial wealth x(0) = x0 > 0 and
that the portfolio is self-financed, the wealth process is
represented by (see, for instance, (Li & Ng, 2000)):

x(k + 1) = s(k)x(k) + η(k)′u(k). (65)

Note that the amount of wealth allocated to the riskless
asset is determined by x(k) − 1′u(k).

Let us show now that we can write Equation (65) as
in Equation (1).

As shown in Proposition 1.1.3 of Davis Vin-
ter (1985), we can write

η(k) = E(η(k)) + �(k)w(k), E(w(k)) = 0,

cov(w(k)) = I, (66)

and �(k) = cov(η(k))1/2 = cov(e(k))1/2. Moreover,
since η(k) are statistically independent vectors, we get
that w(k) = �(k)−1(η(k) − E(η(k))) are also statisti-
cally independent vectors. Setting �(k) =
[σ 1(k) . . . σ n(k)], that is, σ j(k) is the jth column of
�(k), we have from Equation (66) that Equation (65)
can be rewritten as

x(k + 1) = s(k)x(k) + (E(η(k))′

+
n∑
j=1

σ j(k)′wj(k))u(k) (67)

and from Equation (67), we recover Equations (1)
and (2) considering Ā(k) = s(k), Ãs(k) = 0, B̄(k) =
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E(η(k))′, B̃j(k) = σ j(k)′, wu
j (k) = wj(k), ε = n and

L(k) = 1 so that y(k) = x(k). Note that

n∑
j=1

σ j(k)σ j(k)′ = [
σ 1(k) . . . σ n(k)

]⎡⎢⎣σ 1(k)′
...

σ n(k)′

⎤⎥⎦
= �(k)�(k)′ = �(k)2 = cov(e(k)). (68)

In what follows consider l(k) = 0 for all k = 1, . . . ,T.
Since Ãs(k) = 0, we have from Remark 3.1 that
M(k) = 0, and A(k,X,Y) = s(k)2X, G(k,X,Y) =
s(k)E(η(k))X. From Equation (68),

R(k,X,Y) = E(η(k))E(η(k))′X +
n∑
j=1

σ j(k)σ j(k)′Y

= E(η(k))E(η(k))′X + cov(e(k))Y ,

so that we have

R(k, 0, P(k + 1)) = cov(e(k))P(k + 1) > 0, (69)

provided that P(k + 1) > 0.
Noticing that E(η(k)η(k)′) = cov(η(k)) + E(η(k))

E(η(k))′ = cov(e(k)) + E(η(k))E(η(k))′, we have that
for Y >0,

P(k,Y) = s(k)2Y − s(k)2YE(η(k))′(E(η(k))E(η(k))′

+ cov(e(k)))−1E(η(k)) + ν(k)

= s(k)2Y(1 − E(η(k))′E(η(k)η(k)′)−1

× E(η(k))) + ν(k)

= s(k)2Y(1 − B(k)) + ν(k). (70)

From this and Equation (28), we get that P(k) >

0 and P(k) = s(k)2(1 − B(k))P(k + 1) + ν(k), k =
0, . . . ,T − 1, P(T) = ν(T).

From Equation (69), we have that Assumption 3.1
holds true.

Note now that, since G(k,M(k + 1), P(k + 1)) =
G(k, 0, P(k + 1)) = 0, we have fromEquation (30) that

V(k) = V(k,M(k + 1), P(k + 1),V(k + 1))

= s(k)V(k + 1) + ξ(k), V(T) = ξ(T),

and since from Equation (64),

B̄(k)R(k,M(k + 1), P(k + 1))†B̄(k)′

= 1
P(k + 1)

E(η(k))′cov(e(k))−1E(η(k))

= B(k)
P(k + 1)(1 − B(k))

,

we get from Equations (25) and (31) that for k = T −
1, . . . , 0,

γ (k) = γ (k + 1)

− V(k + 1)2

4P(k + 1)
B(k)

(1 − B(k))
, γ (T) = 0.

Repeating the arguments above, we have from
Equation (32) that

K(k) = s(k)(E(η(k))E(η(k))′ + cov(e(k)))−1E(η(k))

= s(k)E(η(k)η(k)′)−1E(η(k))

and from Equation (33) that H(k) = 0. From Equa-
tions (43), (44) and (64), we get that

v∗(k) = −s(k)E(η(k)η(k)′)−1

× E(η(k))(x(k) − E(x(k))),

ū∗(k) = V(k + 1)
2P(k + 1)

cov(e(k))−1E(η(k))

=
(
V(k + 1)
2P(k + 1)

)
E(η(k)η(k)′)−1E(η(k))

1 − B(k)
,

and from Equation (42), we obtain that Jk(E(x(k)),
x(k) − E(x(k))) = P(k)(x(k) − E(x(k)))2 − V(k)
E(x(k)) + γ (k).

Finally, for problem PU(ν, ξ), we have that

Ā(k) − B̄(k)H(k) = s(k) − E(η(k)′)0 = s(k) (71)

and

1
2
B̄(k)R†(k)B̄(k)′V(k + 1)′

= E(η(k)′)cov(e(k))−1E(η(k))V(k + 1)
2P(k + 1)

= E(η(k)′)E(η(k)η(k)′)−1E(η(k))V(k + 1)
2(1 − B(k))P(k + 1)

= B(k)V(k + 1)
2(1 − B(k))P(k + 1)

. (72)

Applying Equations (71) and (72) into
- Equation (A5), we obtain that

E
(
yu(t)

) = x0
t−1∏
j=0

s(j) +
t−1∑
i=0

⎛⎝ t−1∏
j=i+1

s(j)

⎞⎠
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× B(i)V(i + 1)
2((1 − B(i))P(i + 1))

.

These results coincide with those obtained in
Proposition 1 in Cui et al. (2014).

5.2. Portfolio selection considering the risk control
over bankruptcy

We now apply the results regarding the mean-variance
with risk-control over a minimum expected output
obtained in Section 4 to recover some known results
analysed in Cui et al. (2014) using the mean-field for-
mulation. Let us consider a financial market as defined
in Section 5.1 and, similarly as in Cui et al. (2014), a
modification of problem PC3(ω) stated as

PC3 (ξ , a, b) : max
u∈U

(
ξ(t)E

(
yu(t)

)
− ω(t)Var

(
yu(t)

) )
(73)

s.t. : Var
(
yu(t)

)
� a(t)

[
E
(
yu(t)

)− b(t)
]2 . (74)

Taking L(t) = 1, ξ(t) = 0, t = 1, . . . ,T − 1, ξ(T) =
1, a(T) = 0 and ζω(T) = 1, we get the problem as
defined in Equation (11) for the Lagrangian mul-
tipliers ω(t), t = 1, . . . ,T − 1. Thus, we have that
P(T) = ω(T), M(T) = 0, V(T) = 1, and γ (T) = 0.
Since Ãs(k) = 0, we have that A(k,X,Y) = s(k)2X
and G(k,X,Y) = s(k)E(η(k))X. From Equations (28)
and (70), we have that P(k) = s(k)2(1 − B(k))P(k +
1) + ω(k), k = 0, . . . ,T − 1, P(T) = ω(T), and thus
P(k) > 0. From Equation (68), we have that

R(k,X,Y) = E(η(k))E(η(k))′X +
n∑
j=1

σ j(k)σ j(k)′Y

= E(η(k))E(η(k))′X + cov(e(k))Y

= E(η(k)η(k)′)Y − E(η(k))E(η(k))′

× (Y − X). (75)

Applying Lemma 4 in Cui et al. (2014), we have that

R(k,M(k + 1), P(k + 1))−1E(η(k))

= E(η(k)η(k)′)−1E(η(k))
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

(76)

provided that B(k)M(k + 1) + (1 − B(k))P(k + 1)
�= 0.

Define

δ(k + 1) = (1 − B(k))P(k + 1)
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

.

Since B(k) = E(η(k))′E(η(k)η(k)′)−1E(η(k)), we
have from Equations (29) and (76),

M(k) = A(k,X,Y) − G(k,X,Y)′R(k,X,Y)−1

× G(k,X,Y) − ω(k)a(k)L(k)′L(k)

= s(k)2M(k + 1)

−
s(k)2M(k + 1)2E(η(k))′
E(η(k)η(k)′)−1E(η(k))

B(k)M(k + 1) + (1 − B(k))P(k + 1)

− ω(k)a(k)

=

s(k)2M(k + 1)2B(k) + s(k)2M(k + 1)
× (1 − B(k)) P(k + 1)
−s(k)2M(k + 1)2B(k)

B(k)M(k + 1) + (1 − B(k)) P(k + 1)

− ω(k)a(k) = s(k)2δ(k + 1)M(k + 1)

− ω(k)a(k). (77)

From Proposition A.2 in the Appendix, we have
that if B(k)M(k + 1) + (1 − B(k))P(k + 1) > 0 then
Assumption 3.1 will hold andM(k) is given by (77).

From Equation (30),

V(k) = V(k+ 1)

⎛⎜⎜⎜⎝s(k) −
s(k)M(k + 1)E(η(k))′

×E(η(k)η(k)′)−1E(η(k))
B(k)M(k + 1)

+ (1 − B(k)) P(k + 1)

⎞⎟⎟⎟⎠
− ω(k)a(k)b(k)

= V(k + 1)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

s(k)B(k)M(k + 1)
+s(k) (1 − B(k))

×P(k + 1)
−s(k)B(k)M(k + 1)

B(k)M(k + 1)
+ (1 − B(k)) P(k + 1)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
− ω(k)a(k)b(k)

= s(k)δ(k + 1)V(k + 1) − ω(k)a(k)b(k) (78)
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and from Equation (31),

γ (k) = γ (k + 1)

+
V(k + 1)2E(η(k))′E(η(k)η(k)′)−1

×E(η(k))
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

+ ω(k)a(k)b(k)2

= γ (k + 1)

+ V(k + 1)2B(k)
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

+ ω(k)a(k)b(k)2. (79)

Note that repeating the arguments above, we have from
Equation (32) that

K(k) = s(k)E(η(k)η(k)′)†E(η(k)) (80)

and from Equation (33) that

H(k) = s(k)M(k + 1)E(η(k)η(k)′)−1E(η(k))
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

. (81)

From Equations (43) and (44), we get that

v∗(k) = −s(k)E(η(k)η(k)′)−1E(η(k))z(k),

ū∗(k) = − s(k)M(k + 1)E(η(k)η(k)′)−1E(η(k))
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

x̄(k)

+ V(k + 1)E(η(k)η(k)′)−1E(η(k))
2B(k)M(k + 1) + (1 − B(k))P(k + 1)

= 0.5V(k + 1) − s(k)M(k + 1)x̄(k)
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

× E(η(k)η(k)′)−1E(η(k)),

and from Equation (55), we obtain that

H(ω) = M(1)δ(1)s(0)2x(0)2 − V(1)δ(1)s(0)x(0)

−
T−1∑
j=0

[
V(j + 1)2B(j)

B(j)M(j + 1) + (
1 − B(j)

)
P(j + 1)

+ ω(j)a(j)b(j)2
]
.

Finally, we apply Equations (A5), (A6), and the oper-
ators in Equation (A4) to recover the expected output
and its variance formulas obtained in Cui et al. (2014).
For problem PL3(ω), we have that

Ā(k) − B̄(k)H(k)

= s(k) −
s(k)M(k + 1)E(η(k)′)E(η(k)η(k)′)−1

E(η(k))
B(k)M(k + 1) + (1 − B(k))P(k + 1)

= (1 − B(k)) P(k + 1)
B(k)M(k + 1) + (1 − B(k)) P(k + 1)

s(k)

= δ(k + 1)s(k) (82)

and

1
2
B̄(k)R†(k)B̄(k)′V(k + 1)′

= E(η(k)′)E(η(k)η(k)′)−1E(η(k))V(k + 1)
2(B(k)M(k + 1) + (1 − B(k))P(k + 1))

= B(k)V(k + 1)
2(B(k)M(k + 1) + (1 − B(k))P(k + 1))

.

(83)

Applying Equations (82) and (83) into Equation (A5),
we obtain that

E
(
yu(t)

)
= x0

t−1∏
j=0

δ(j + 1)s(j)

+
t−1∑
i=0

⎛⎝ t−1∏
j=i+1

δ(j + 1)s(j)

⎞⎠
× B(i)V(i + 1)

2(B(i)M(i + 1) + (1 − B(i))P(i + 1))
.

From the Equations (A4) and (A6), we obtain that

Var
(
yu(t)

)

=
t−1∑
j=0

⎡⎢⎢⎢⎣
(0.5V(j + 1) − s(j)M(j + 1)

×x̄(j))2
(B(j) − B(j)2

)
(B(j)M(k + 1) + (

1 − B(j)
)
P(j + 1))2

⎤⎥⎥⎥⎦
×

t−1∏
l=j+1

s(l)2 (1 − B(l)) .

These results coincide with those obtained in Section
IV in Cui et al. (2014).
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5.3. Numerical results for a portfolio selection
problemwith a benchmark

In this section, we apply our results to the selection
of a portfolio with one riskless asset and n risk assets
against a benchmark.

Using the same definitions of e(k), η(k) and u(k)
as in Section 5.1, we recover Equations (1) and (2)
by defining the random return of the benchmark as
rb(k), its expected return as b(k) = E(rb(k)), and the
random vector

η̂(k) =
[
η(k)
rb(k)

]
=
[
E(η(k))
b(k)

]
+ �̂(k)w(k),

E(w(k)) = 0, cov(w(k)) = I, (84)

where

�̂(k)�̂(k)′

= cov(η̂(k))

=
[

cov(η(k)) cov(η(k), rb(k))
cov(η(k), rb(k))′ σb(k)2

]
.

Defining the portfolio’s value process as X1(k), the
benchmark process as X2(k), and assuming that
X1(0) = X2(0) = X0 > 0 and that the portfolio is self-
financed, we have that

X1(k + 1) = s(k)X1(k) + η(k)′u(k) and (85)

X2(k + 1) = rb(k)X2(k) (86)

represent the wealth and benchmark processes (see,
for instance, Li and Ng (2000)). Setting �̂(k) =
[σ̂ 1(k) . . . σ̂ n+1(k)], that is, σ̂ j(k) is the jth column of
�̂(k), with σ̂ j(k) = [σ j(k)′ σ

j
b(k)]

′, and noticing that

�̂(k)�̂(k)′ =
n+1∑
j=1

σ̂ j(k)σ̂ j(k)′

= [
σ̂ 1(k) . . . σ̂ n+1(k)

]
×

⎡⎢⎣ σ̂ 1(k)′
...

σ̂ n+1(k)′

⎤⎥⎦ ,

we have from Equation (84) that Equations (85)
and (86) can be rewritten as

X1(k + 1) = s(k)X1(k)

+
⎛⎝E(η(k))′ +

n+1∑
j=1

σ j(k)′wj(k)

⎞⎠

× u(k) and (87)

X2(k + 1) =
⎛⎝b(k) +

n+1∑
j=1

σ
j
b(k)wj(k)

⎞⎠X2(k). (88)

Finally, we obtain Equations (1) and (2) by consid-
ering Equations (87) and (88) with

x(k) =
[
X1(k)
X2(k)

]
, Ā(k) =

[
s(k) 0
0 b(k)

]
,

Ãs(t) =
[
0 0
0 σ s

b(k)

]
, B̄(k) =

[
E(η(k))′

0

]
,

B̃s(k) =
[
σ s(k)′
0

]
, L(k) = [1 − 1],

and ρs1,s2(k) = 1 for s1 = s2 and 0 otherwise.
For our numerical example. we consider the data

in Li and Ng (2000) with the annual returns given by
s(k) = 1.04 and E(η(k))′ = [1.162 1.246 1.228]. The
covariance of the risk assets is

σ(k)σ (k)′ =
⎡⎣0.0146 0.0187 0.0145
0.0187 0.0854 0.0104
0.0145 0.0104 0.0289

⎤⎦ ,

k = 0, . . . ,T − 1.

We also assume a riskless benchmark with b(k) =
1.20.

We solve problems PU, PC1, PC2 and PC3 by apply-
ing Theorem 4.1 together with Table 1. For all four
problems, we set x0 = [1.0 1.0]′, a time horizon of
T = 5 weeks, the risk coefficients and their respective
restrictions as in Table 2.

To solve problem PU(ν, ξ), we start by computing
backwards the operators in Equations (23) and (24)
using the definitions as in Equations (28)–(30). Then,
using Equations (32) and (33), we can compute v∗(k)
and ū∗(k), k = 0, . . . ,T − 1, applying Equations (43)
and (44). Finally, the expected output and vari-
ance is calculated using Proposition A.3, leading to
E(yu∗

(t)) = [0.0088, 0.0174, 0.0260, 0.0344, 0.0427]
and Var(yu∗

(t)) = [0.0060, 0.0119, 0.0173, 0.0226,
0.0277].

Table 2. Risk and restrictions coefficients.

Problem ν(k) ξ(k) Restriction

PU 1 1 –
PL1 1 ω(k) ε = [0.02, 0.02, 0.03, 0.05, 0.08]′
PL2 ω(k) 1 ϕ = [0.005, 0.01, 0.01, 0.015, 0.015]′
PL3 ω(k) 1 a(t) = 0.05 and b(t) = 0.1
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Table 3. Lagrangian multipliers.

Problem ω∗′

PL1 [8.909, 0, 0, 1.110, 2.960]
PL2 [1.181, 0, 13.700, 0, 4.276]
PL3 [0, 13.062, 12.531, 12.018, 11.522]

In order to compare our results, we also solve
PU using an embedding scheme as applied in Costa
and Oliveira (2012), where an auxiliary problem
parameterised in λ is solved. This technique leads to
the same optimal control law, expected output and
variance as before, corroborating our formulation.

In problems PC1, PC2 and PC3, we have to solve the
Lagrangian dual problem PCi = maxω≥0H(ω), where
H(ω) = PLi(ω), i = 1, 2, or 3 is given by Equation (55)
with their respective input parameters as in Table 1.
In this paper, we adopt the Nelder-Mead simplex
method to solve the Lagrangian problems, which is an
available option of the Python optimisation function
‘scipy.optimize.sco.fmin ’. The resulting Lagrangian
multipliers for each problem are shown in Table 3.

In the case of problem PC1(ω), we can also obtain
ω∗ analytically.

Thus, applying Theorem 4.2, we obtain that

C =

⎡⎢⎢⎢⎢⎣
2.305 2.306 2.308 2.310 2.312
2.306 5.160 5.164 5.168 5.1720
2.308 5.164 8.933 8.940 8.946
2.310 5.168 8.940 14.537 14.548
2.312 5.1720 8.946 14.548 25.626

⎤⎥⎥⎥⎥⎦
× 10−3,

det(C) = 1.53 × 10−12, and D = [−2.758, −5.527,
−8.3092, −11.102, −13.907]′ 10−3.

Finally, applying Equation (60), we get the same ω∗
as in Table 3 for PL1, corroborating our results.

6. Conclusion

In this paper, we have considered the stochastic mean-
variance optimal control problem of discrete-time lin-
ear systems with multiplicative noises by adopting the
mean-field formulation.

We applied this method to models with no con-
straints, with intertemporal restrictions on either the
expected value of the output or its variance and
with restrictions on the minimum value of the out-
put associated with a given probability of occur-
rence. An explicit sufficient condition for the existence

of an optimal control strategy for a general uncon-
strained problem and the value functions for the dual
Lagrangian optimisation problems for the constrained
cases were derived. For one of the constrained prob-
lems, a sufficient condition for an explicit solution was
also presented. The optimal control law is written as
a state feedback added with a deterministic sequence,
with the input parameters depending on the problem
under consideration (see Theorem 4.1).

The solution is derived from a generalised Riccati
difference equation interconnected with a set of linear
recursive equations (see the definitions of P(k),M(k),
V(k) in Equations (28), (29) and (30)).

When specialised to the optimal portfolio selection
problem, we showed that our results retrieve some
known results in the literature.

We also applied our formulation to a numerical case
of a multi-period portfolio selection problem with a
benchmark, where we find the best asset allocation to
minimise the sum of the trade-off between the vari-
ance and the excess return of the portfolio against a
benchmark.

Future works would consider adding constraints to
the controls or even studying our problems under the
mean-field game theory when two or more popula-
tion of agents compete instead of cooperating (mean-
field control). For instance, we would apply mean-field
games to problems with restrictions or with mean-
variance functional costs rather than quadratic costs,
see (Moon, 2019; Wang et al., 2019) for examples in
the continuous-time case.
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Appendix

In this appendix, we present several auxiliary results used in the
paper. We start by recalling the following result known as the
Schur’s complement.

Proposition A.1 (Schur’s complement): Suppose that Q> 0
and R> 0. The following assertions are equivalent.

(a)
[
Q S
S′ R

]
≥ 0.

(b) Q ≥ SR−1S′.
(c) R ≥ S′Q−1S.

Next we present the following auxiliary result.

Proposition A.2: For given scalars X and Y > 0, if B(k)X +
(1 − B(k))Y > 0 then

R(k,X,Y) = E(η(k)η(k)′)Y + E(η(k))E(η(k))′(X − Y) > 0.
(A1)

Proof: From B(k)X + (1 − B(k))Y > 0, we have that X −
Y > −Y/B(k), and thus

E(η(k)η(k)′)Y + E(η(k))E(η(k))′(X − Y)
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≥
(

E(η(k)η(k)′) − E(η(k))E(η(k))′

B(k)

)
Y . (A2)

By definition, we have that B(k) = E(η(k))′E(η(k)η(k)′)−1

E(η(k)), and thus, from the Schur’s complement (Proposi-
tion A.1), we have that[

E(η(k)η(k)′) E(η(k))
E(η(k))′ B(k)

]
≥ 0

⇔
(

E(η(k)η(k)′) − E(η(k))E(η(k))′

B(k)

)
≥ 0. (A3)

Applying Lemma 4 in Cui et al. (2014), we have thatR(k,X,Y)

has an inverse since by assumptionB(k)X + (1 − B(k))Y > 0.
From this, (A3) and (A2), we get (A1). �

For k = 0, . . . ,T − 1 and j = 1, . . . ,T, the following new
operators will be useful to present an expression for the output
variance Var(yu(t)) when the optimal control strategy u∗(k) =
v∗(k) + ū∗(k) is applied to system (1). For Y ∈ Hn, define

P̄(k,Y) = A(k,Y ,Y) + K(k)′R(k,Y ,Y)K(k)

− 2G(k,Y ,Y)′K(k),

Q̄(k,Y) = A(k, 0,Y) + H(k)′R(k, 0,Y)H(k)

− 2G(k, 0,Y)′H(k),

R̄(k,Y) = G(k, 0,Y)′R(k,M(k+1),P(k+1))†B̄(k)′V(k + 1)′

− H(k)′R(k, 0,Y)R(k,M(k + 1), P(k + 1))†

× B̄(k)′V(k + 1)′,

S̄(k,Y) = 1
4
V(k+1)B̄(k)R(k,M(k+1),P(k + 1))†R(k, 0,Y)

× R(k,M(k + 1), P(k + 1))†B̄(k)′V(k + 1)′, and

�k
j = P̄(j, . . . P̄(k − 1, P̄(k, L(k + 1)′L(k + 1))) . . .),

�k
j = L(k + 1)′L(k + 1) if j > k. (A4)

We have the following proposition.

Proposition A.3: Suppose that Assumption 3.1 holds. If the
optimal control strategy u∗(k) = v∗(k) + ū∗(k) as in (43)
and (44) is applied to system (1), then the expected value of the
output E(yu∗

(t)) and the variance output Var(yu∗
(t)) are given

respectively by

E
(
yu

∗
(t)
)

= L(t)
t−1∏
j=0

(
Ā(j) − B̄(j)H(j)

)
x0 + L(t)

×
t−1∑
i=0

[⎛⎝ t−1∏
j=i+1

(
Ā(j) − B̄(j)H(j)

)⎞⎠
×
(1
2
B̄(i)R(i,M(i + 1), P(i + 1))†

× B̄(i)′V(i + 1)′
)]

and (A5)

Var
(
yu

∗
(t)
)

=
t−1∑
j=0

[
x̄(j)′Q̄(j,�t−1

j+1)x̄(j)

+ x̄(j)′R̄(j,�t−1
j+1) + S̄(j,�t−1

j+1)
]
. (A6)

Proof: To easy the notation, we remove the superscript depen-
dence on u∗. Substituting (44) into (12) we obtain that

x̄(k + 1) = (Ā(k) − B̄(k)H(k))x̄(k)

+ 1
2
B̄(k)R(k,M(k+1),P(k + 1))†B̄(k)′V(k + 1)′.

(A7)

Iterating (A7) for k = 0, . . . ,T − 1, with x(0) = x0, and
using (2), we obtain (A5). To prove Equation (A6), we use
the dynamics in Equation (13), the independence hypothesis
made on the multiplicative noises, and recall that Var(yu(t)) =
E((L(t)z(t))2). To easy the notation, we set Y = L(k +
1)′L(k + 1). Thus, for t = k+ 1, we have that

E(z(k + 1)′Yz(k + 1))

= E
{
z(k)′ [A(k,Y ,Y)] z(k)

}
+ x̄(k)′

[
ε∑

s=1
Ãs(k)′YÃs(k)

]
x̄(k)

+ v(k)′ [R(k,Y ,Y)] v(k) + u(k)′

×
[

ε∑
s=1

B̃s(k)′YB̃s(k)

]
u(k) + 2z(k)′

[G(k,Y ,Y)′
]
v(k)

+ 2x̄(k)′
⎡⎣ ε∑
s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′YB̃s2(k)

⎤⎦ ū(k) + G(k),

(A8)

where

G(k) = 2E(z(k)′)

[
ε∑

s=1
Ãs(k)′YÃs(k)

]
x̄(k)

+ 2E(z(k)′)

⎡⎣ ε∑
s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′YB̃s2(k)

⎤⎦ ū(k)

+ 2x̄(k)′
⎡⎣ ε∑
s1=1

ε∑
s2=1

ρs1,s2(k)Ãs1(k)
′YB̃s2(k)

⎤⎦E(v(k))

+ 2E(v(k)′)

[
ε∑

s=1
B̃s(k)′YB̃s(k)

]
ū(k).

Note thatG(k) = 0 sinceE(z(k)) = 0 andE(v(k)) = 0. There-
fore, applying Equations (43) and (44) into (A8), we obtain
that

E(z(k + 1)′Yz(k + 1))

= E
{
z(k)′ [A(k,Y ,Y)] z(k)

}+ x̄(k)′ [A(k, 0,Y)] x̄(k)

+ z(k)′
[
K(k)′R(k,Y ,Y)K(k)

]
z(k) + x̄(k)′

× [
H(k)′R(k, 0,Y)H(k)

]
x̄(k)

+ 1
4
V(k + 1)B̄(k)R(k,M(k + 1), P(k + 1))†
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× R(k, 0,Y)R(k,M(k + 1), P(k + 1))†B̄(k)′V(k + 1)′

− x̄(k)′
[
H(k)′R(k, 0,Y)R(k,M(k + 1), P(k + 1))†

× B̄(k)′V(k + 1)′
]

− 2z(k)′
[G(k,Y ,Y)′

]
K(k)z(k) − 2x̄(k)′

× [G(k, 0,Y)′H(k)
]
x̄(k)

+ x̄(k)′
[G(k, 0,Y)′R(k,M(k + 1), P(k + 1))†

× B̄(k)′V(k + 1)′
]
. (A9)

Rearranging the terms in Equation (A9) and applying the
operators (A4), we obtain that

E(z(k + 1)′Yz(k + 1))

= E
{
z(k)′P̄(k,Y)z(k)

}
+ x̄(k)′Q̄(k,Y)x̄(k)

+ x̄(k)′R̄(k,Y) + S̄(k,Y). (A10)

Finally, we apply Equation (A10) recursively onE{z(k)′P̄(k,Y)

z(k)} and so on to obtain Equation (A6), completing the proof.
�
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