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Summary

The 2, ∞ and mixed 2∕∞ dynamic output feedback control of Markov
jump linear systems in a partial observation context is studied through an iter-
ative approach. By partial information, we mean that neither the state variable
x(k)nor the Markov chain 𝜃(k) are available to the controller. Instead, we assume
that the controller relies only on an output y(k) and a measured variable �̂�(k)
coming from a detector that provides the only information of the Markov chain
𝜃(k). To solve the problem, we resort to an iterative method that starts with a
state-feedback controller and solves at each iteration a linear matrix inequality
optimization problem. It is shown that this iterative algorithm yields to a non-
increasing sequence of upper bound costs so that it converges to a minimum
value. The effectiveness of the iterative procedure is illustrated by means of two
examples in which the conservatism between the upper bounds and actual costs
is significantly reduced.
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1 INTRODUCTION

Systems subject to random and abrupt changes have been the focus of a great deal of attention in the past decades. In
many situations, these changes may arise due to faults or sudden variations of the operating point of a dynamic system. A
well-established framework to deal with such cases is the one provided by Markov jump linear systems (MJLSs) in which
the dynamic behavior of a system may change according to a Markov chain. The state of the art of the basic aspects of the
MJLS theory are consolidated by now and can be found, for instance, in the work of Boukas,1 Costa et al,2,3 Dragan et al4,
and the references therein.

Although there is by now a great advance in the study of MJLS, there are still open problems in the literature concerning
the design of controllers in a context of partial observation. The most challenging situation occurs whenever the controller
does not have access to neither the state variable x(k) nor the Markov parameter 𝜃(k). In this case, the few works that can
be found in the literature rely only on suboptimal solutions due to the inherent difficulty of the problem. Considering
some observation assumptions on 𝜃(k), the most known approaches are the mode-dependent control, in which 𝜃(k) can
be perfectly measured, such as that by Geromel et al5; the cluster case, where the controller has access only to some sets
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in which the system is operating, such as that by Val et al,6 and Fioravanti et al7; and the mode-independent case, in
which there is no information available to the controller, such as that by Morais et al.8,9 On the other hand, a modeling
approach that has been receiving a great deal of attention is the so-called detector approach or hidden MJLS, in which a
hidden Markov chain (HMC) is employed for the analysis and design of the controllers. In the work of Costa et al,10 it
is discussed that the aforementioned mode-dependent, cluster, and mode-independent cases can be obtained from the
detector approach framework, and also that the observed variable �̂�(k) could be viewed as a failure detector. This model is
also known as asynchronous control as presented by Song et al11,12 in which the problems of static output feedback control
and sliding mode control of MJLS with hidden observations were considered. Alternatively, Ogura et al13 considered an
observation process in which the Markov chain is accessed only when some modes of operation of a different Markov
process are visited. It was discussed by Ogura et al13 that this model also generalizes the mode-dependent, cluster, and
mode-independent formulations, along with the detector approach of Costa et al.10

In this work, we study the design of 2, ∞, and mixed 2∕∞ dynamic output feedback controllers within the
hidden MJLS formulation of Costa et al10 considering that both x(k) and 𝜃(k) are not completely available. For that,
we present a new iterative method based on the so-called separation procedure studied by Oliveira et al14,15 for hidden
MJLS, that is formulated in terms of bilinear matrix inequalities (BMIs). To provide a convex formulation through linear
matrix inequalities (LMIs), a stabilizing state-feedback controller is used as an initial input. By solving a sequence of
LMI optimization problems, we get a sequence of nonincreasing upper bound costs that converges to a minimal value,
and yields to a dynamic output feedback controller that relies only on the observable variable �̂�(k). The novelties can be
summarized as follows.

• We study the ∞ control and show that, for the mode-dependent case, our conditions become also necessary. That
allows us to retrieve optimal ∞ controllers as in the work of Geromel et al5 and to briefly discuss some separation
characteristics of the ∞ control for MJLS that recalls some results for the linear time-invariant systems as in the work
of Doyle et al.16

• The mixed 2∕∞ dynamic output feedback control is studied. To the knowledge of the authors, this is still an open
problem in the literature even for the complete observation case. For that, we exploit some properties of the conditions
provided by Oliveira et al15 for the 2 control coupled with the ∞ control that is presented here in details.

• We present an iterative method that consists of a type of coordinate descent algorithm that can be employed in the 2
and ∞, or mixed 2∕∞ control, from which we show that a nonincreasing sequence of upper bound costs can be
achieved. That constitutes a novelty with respect to the work by Oliveira et al15 and a useful tool in the sense that we
are able to achieve smaller and less conservative costs. In particular, for the ∞ mode-dependent control, we are able
to get the optimal ∞ dynamic output feedback controller.

• Two illustrative examples are presented whose goal is to study the effects of the detector quality in the 2 and ∞ or
mixed 2∕∞ control and the improvement in using the proposed algorithm, and to motivate the application of the
mixed 2∕∞ control over the pure 2 and ∞ control frameworks.

Our results are given in terms of BMIs and LMIs, where the latter formulation can be easily solved through state-of-the-art
algorithms such as the ones provided by LMILAB (see, for instance, the work by Gahinet et al17).

We briefly describe the literature related to the problem. For the mode-dependent case, Geromel et al5 provided optimal
2 and ∞ design conditions, Fioravanti et al7 investigated the ∞ control for the cluster case, although all system
matrices must be equal inside a given cluster; Morais et al8 provided dynamic output feedback controller design conditions
by rewriting the problem as a static output feedback controller synthesis; and Morais et al9 considered an algorithm to
obtain clusterized controllers by using a mode-dependent structure as the input. The work by Aberkane et al18 provided
design conditions in terms of LMIs through a different observation model closer to active fault-tolerant control systems,
but the final controller also depended on the mode of operation. An alternative result was given by Aberkane et al,19

which echoes the work of Geromel et al20 in which a state-feedback controller is given for calculating the remaining
controller matrices; however, only the continuous-time case is studied and the mode-dependent case is not shown to be
retrieved. As for the discrete-time case, Liu et al21 presented design conditions for the ∞ control, but apparently the
controller matrices also depended on 𝜃. The design of state-feedback controllers was considered by Ogura et al13 through
the hidden model previously described, in which the controller depends on the most recent value of the cluster of the
observed variable and the time elapsed since the last observation, with the results given in the LMI framework. According
to Remark 18 of Ogura et al,13 even though the detector approach can be retrieved via the observation model presented
in that paper, the proposed design conditions for the 2 control can lead to a potential underperformance with respect
to the ones presented by Costa et al.10 The separation method has been used in dealing with the coupling problem in
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BMI conditions by several authors (see, for instance, the works of Song et al11,22 and Oliveira et al14,15 for a small sample
of studies under this formulation). The paper by Song et al22 studied the design of static output feedback sliding mode
controllers subject to a round-robin protocol in the context of networked control system (NCS), with a separation strategy
employed for avoiding nonlinear terms in the design conditions. In the work of Song et al,11 the problem of asynchronous
H∞ output feedback control of uncertain MJLS in a finite-time setting is analyzed through a separation method in which
the closed-loop system is rewritten in terms of a new set of signals that uses matrices obtained in an LMI decision problem.
Oliveira et al14,15 presented a similar separation procedure for the hidden MJLS as the one used in this work, but neither
the H∞ and the mixed H2∕H∞ control was fully studied, nor an iterative method was presented. Moreover, the works of
Ogura et al13 and Song et al11,22 are different with respect to our results in the sense that: (1) we deal with dynamic output
feedback control in the hidden MJLS or detector approach, following the formulation by Costa et al,10 and (2) our iterative
separation method employs a state-feedback controller as an input to the algorithm so that the dynamic controller by the
end of the iterations is composed by the state-feedback gain and a filter structure.

This work is organized in the following manner. We present the notation in Section 2 and the problem formulation in
Section 3. Our results are stated in Section 4, in which we present the separation procedure for the ∞ control and show
that necessity is achieved for the perfect observation case. Moreover, we recall the 2 design conditions of Oliveira et al15

and state the mixed 2∕∞ control problem, along with Algorithm 1 that formalizes the iterative method. In Section 5,
we present two illustrative examples. We apply the “pure” ∞ control to a simple unstable MJLS, investigate the effects
of varying the detection probabilities in the upper bound and the ∞ norm of the closed-loop system, and consider an
academic application of the mixed 2∕∞ control in an unstable vertical take-off and landing (VTOL) aircraft. Our
concluding remarks are given in Section 6.

2 NOTATION AND BASIC RESULTS

For 𝕏 and 𝕐 Banach spaces, we set 𝔹(𝕏,𝕐) as the Banach space of all bounded linear operators of 𝕏 into 𝕐, and for ease
of notation, we set 𝔹(𝕏) = 𝔹(𝕏,𝕏). As usual, ℝn represents the real n-dimensional Euclidean space and 𝔹(ℝm,ℝn) is
the space of n × m real matrices. (·)′ indicates the transpose of a matrix, In is the identity matrix of size n × n, 0n×m is the
null operator of size n × m, diag(·) is a block diagonal matrix, and for G ∈ 𝔹(ℝn) ≜ 𝔹(ℝn,ℝn), we set Her(G) ≜ G + G′.
For partitioned symmetric matrices, the symbol • represents a generic symmetric block. For N and M positive integers,
we set ℕ ≜ {1, 2, 3… ,N} and 𝕄 ≜ {1, 2, 3, … ,M}. Furthermore, the set ℍn,m (respectively 𝕍n,m) is the linear space of
all N-sequence (M-sequence) of real matrices V = (V1,V2, … ,VN) (V = (V1,V2, … ,VM)), Vi ∈ 𝔹(ℝn,ℝm), i ∈ ℕ (i ∈ 𝕄)
and, for simplicity, ℍn ≜ ℍn,n and ℍn+ ≜ {V ∈ ℍn;Vi ≥ 0, i = 1, … ,N}. For P,V ∈ ℍn+, we write that P > V if Pi > Vi
for each i = 1, … ,N (similarly for 𝕍n and 𝕍n+). On a probability triple (Ω, ,P) with filtration {k}, the expected value
operator is represented by E(·), the conditional expected operator, by E(· | ·), and the space of all discrete-time signals
k-adapted processes such that

||z||2 ≜

√√√√ ∞∑
k=0

E(||z(k)||2) < ∞,

by lr
2(Ω, , {k},P) (or simply lr

2). We have the following basic results that will be useful in the sequel.

Proposition 1. W =
[

Q S
S′ R

]
> 0 if and only if R > 0, Q > SR−1S′.

Proposition 2. If Q > 0, then U + U′ − Q ≤ U′Q−1U.

3 PRELIMINARIES

In the probability space (Ω, ,Prob), we consider the following discrete-time MJLS,

 ∶

⎧⎪⎪⎨⎪⎪⎩

x(k + 1) = A𝜃(k)x(k) + B𝜃(k)u(k) + J𝜃(k)w(k)
𝑦(k) = L𝜃(k)x(k) + H𝜃(k)w(k)

z2(k) = C (2)
𝜃(k)x(k) + D (2)

𝜃(k)u(k)
z∞(k) = C (∞)

𝜃(k)x(k) + D (∞)
𝜃(k)u(k),

(1)
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where x(·) ∈ ℝn is the state, u(·) ∈ ℝm is the control input, w(·) ∈ ℝr is the exogenous input, and 𝑦(·) ∈ ℝq is the measured
output. We define two controlled outputs: z2(·) ∈ ℝp2 that characterizes the cost for the 2 control and z∞(·) ∈ ℝp∞ that
establishes the cost for the ∞ control. The variable 𝜃(·) ∈ ℕ is a homogeneous Markov chain with transition probability
matrix ℙ ≜ [pi𝑗]. The system evolves from x(0) = 0 and 𝜃(0) = 𝜃0, where 𝜃0 is a random variable.

We study the design of full-order, strictly proper, controllers with the following structure:

 ∶

{
x̂(k + 1) = Â�̂�(k)x̂(k) + B̂�̂�(k)𝑦(k),

u(k) = Ĉ�̂�(k)x̂(k),
(2)

where x̂(·) ∈ ℝn and x̂(0) = 0. The switching variable �̂�(k) ∈ 𝕄 is the only information available to the controller
regarding the Markov chain 𝜃(k), characterized in the next assumption.

Assumption 1. We consider that the pair (𝜃(k), �̂�(k)) is a Hidden Markov Chain (see for instance, the work
of Ross23). More specifically, defining the 𝜎-fields ̂0 and ̂k generated by {x(0), 𝜃(0)} and {x(0), 𝜃(0), �̂�(0)} ∪
{x(s), 𝜃(s), x̂(s), �̂�(s), 0 < s < k} ∪ {x(k), 𝜃(k), x̂(k)}, we assume that

Prob(�̂�(k) = l | ̂k) = Prob(�̂�(k) = l | 𝜃(k)) = 𝛼𝜃(k)l, (3)

for all l ∈ 𝕄i, where 𝕄i ≜ {l ∈ 𝕄 ∶ 𝛼i𝓁 > 0}.

The conditional probability matrix is given by Υ ≜ [𝛼i𝓁], and for convenience, we set 𝕎n,m ≜ (Wi𝓁 ∈ 𝔹(ℝn,ℝm); i ∈
ℕ, 𝓁 ∈ 𝕄i)) and, similarly as before, 𝕎n = 𝕎n,n. The motivation in Assumption 1 is twofold. We can interpret �̂�(k) with
probability distribution as shown in (3) as a simple model for imperfect (mismatched) measurements of 𝜃(k). Besides,
as shown by Costa et al,10,24 we can retrieve some interesting cases studied in the literature of partial observation of
𝜃(k) such as the mode-dependent, cluster, and mode-independent formulations by simply manipulating the values of the
conditional probability 𝛼i𝓁 , as we make clear in the next remark.

Remark 1. The mode-dependent case would be retrieved by considering M = N and 𝛼ii = 1, for i ∈ ℕ, the
mode-independent case would be retrieved by taking M = 1 and 𝛼i1 = 1 for all i ∈ ℕ (so that 𝜃(k) does not provide
any information at all about 𝜃(k)).

For the cluster case, we would have to consider that there is a set 𝕄 = {1, … ,M}, with M ≤ N, such that the
Markov chain states ℕ are grouped as the union of M disjoint sets (clusters) ℕi, that is, ℕ = ∪M

i=1ℕi, and in this case,
we define a function g ∶ ℕ → 𝕄 such that g(i) = j for all i ∈ ℕ𝑗 , where g(i) represents the mapping to which cluster
the state i belongs to. Notice that, in this formulation, the N modes can be split into M clusters, and we assume that
it is possible to distinguish to which cluster ℕ𝑗 a mode i belongs to, even if the mode i itself is not known. The cluster
case can be retrieved with our framework by considering 𝕄i = {g(i)} and 𝛼ig(i) = 1, that is, 𝜃(k) would indicate in
which cluster 𝜃(k) is.

Remark 2. As pointed out in Remark 2 in the work of Todorov et al,25 Assumption 1 defines what is commonly
known as a hidden Markov model (HMM) in the specialized literature (see, for instance, the works of Vidyasagar26

and Ross23). The vast amount of existing literature on HMMs, with applications that include bioinformatics, target
tracking, speech processing, and linguistics, for instance, shows that this basic assumption is quite reasonable in
several situations of practical interest. This assumption is also related to the so-called active fault-tolerant control (see,
eg, the work of Mahmoud et al27 and references therein). As pointed out by Mahmoud et al,27 practically, it is difficult
to determine the conditional probabilities 𝛼i𝓁 but, by using Monte Carlo simulations and some prior information of
the Markov process, it would be possible to estimate these rates (see chapter 4 in the work by Mahmoud et al27).

By connecting (1) and (2) and defining the closed-loop state x̃(·)′ ≜ [ x(·)′ x̂(·)′ ], we get the following closed-loop system:

C ∶

⎧⎪⎪⎨⎪⎪⎩
x̃(k + 1) = Ã𝜃(k)�̂�(k)x̃(k) + J̃𝜃(k)�̂�(k)w(k),

z2(k) = C̃ (2)
𝜃(k)�̂�(k)

x̃(k),

z∞(k) = C̃ (∞)
𝜃(k)�̂�(k)

x̃(k),

(4)
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where

Ã𝜃(k)�̂�(k) ≜

[
A𝜃(k) B𝜃(k)Ĉ�̂�(k)

B̂�̂�(k)L𝜃(k) Â�̂�(k)

]
, J̃𝜃(k)�̂�(k) ≜

[
J𝜃(k)

B̂�̂�(k)H𝜃(k)

]
, (5)

C̃ (2)
𝜃(k)�̂�(k)

≜
[

C (2)
𝜃(k) D (2)

𝜃(k)Ĉ�̂�(k)

]
, C̃ (∞)

𝜃(k)�̂�(k)
≜
[

C (∞)
𝜃(k) D (∞)

𝜃(k)Ĉ�̂�(k)

]
. (6)

We present some necessary definitions in the following.

Definition 1 (Stochastic stability, Costa et al2). System (4) is said to be stochastically stable (SS) if ||x̃||2 < ∞ for all
finite second-order initial condition x̃(0) and 𝜃0.

The set of all admissible controllers is defined as ℭ ≜ { as in (2) ∶ (4) is SS}. To study the stability of (4), we consider
the following operators:

i(V) ≜
∑
𝑗∈ℕ

pi𝑗V𝑗 ,

i(V) ≜
∑
l∈𝕄i

𝛼i𝓁A′
i𝓁i(V)Ai𝓁 ,

for V ∈ ℍnx ,  ∈ ℍnx , and  ∈ ℍnx . According to Theorem 1 in the work of Costa et al,10 we get that  ∈ ℭ if and only if
there exists P ∈ ℍ2n+, P > 0, such that

P > (P), (7)

for Ai𝓁 = Ãi𝓁 for all i ∈ ℕ, 𝓁 ∈ 𝕄i. We are now able to introduce another useful definition, by setting A = (A1, … ,AN) ∈
ℍn, B = (B1, … ,BN) ∈ ℍm,n, and K = (K1, … ,KM) ∈ 𝕍n,m.

Definition 2. We say that K stochastically stabilizes the pair (A,B) if (7) holds for Ai𝓁 = Ai + BiK𝓁 , for all i ∈ ℕ,
𝓁 ∈ 𝕄i.

We introduce next the definitions of the 2 and ∞ norms of (4).

Definition 3 (2 norm, Costa et al10). Consider that system (4) is SS. For x̃(0) = 0 and w(k) given by

w(k) =

{
es k = 0,
0 k > 0

(8)

where es is the sth element of the canonical basis of ℝr, we define the 2 norm of (4) by

||C||22 ≜

r∑
s=1

||z2s||22,
where ||z2s||22 ≜

∑∞
k=0 E(||z2s(k)||2) and z2s(k) is the output z2(k) of (4) for w(k) given by (8).

We note that the output signal z2(k) defines the 2 norm of (4). In this case, given  ∈ ℭ, the 2 norm of (4) can be
calculated by solving ||C||2 = inf

Pi>0,𝛾2
𝛾2 (9)

subject to

𝛾2
2 >

∑
i∈ℕ

∑
𝓁∈𝕄i

𝜇i𝛼i𝓁tr
[
J̃′i𝓁i(P)J̃i𝓁

]
, (10)

Pi >
∑
𝓁∈𝕄i

𝛼i𝓁

[
Ã′

i𝓁i(P)Ãi𝓁 + C̃(2)′
i𝓁 C̃ (2)

i𝓁

]
, (11)

for all i ∈ ℕ, where P ∈ ℍ2n+, P > 0 and 𝜇i = Prob(𝜃0 = i).
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Remark 3 (Limit form of the 2 norm). Following the work of Costa et al2 and Oliveira et al,24 if the Markov chain
is ergodic (see, for instance, the work of Ross23) and 𝜇 = 𝜈, where 𝜈i = limk→∞Prob(𝜃(k) = i), we get, by taking the
exogenous input w in (4) as a wide sense white noise sequence of covariance matrix equal to the identity matrix (see
the work of Costa et al2), that ||C||22 = lim

k→∞
E
(||z2(k)||2) .

We now introduce the following notation, i ≜ {w ∈ lr
2 ; ||w||2,i > 0}, and for any signal g = {g(k), k = 0, 1, 2, …} ∈

lt
2, ||g||2,i ≜

√∑∞
k=0 E(||g(k)||2 | 𝜃0 = i). The following definition of the ∞ norm of (4) is adapted from the work of

Todorov et al.25

Definition 4 (∞ norm). Consider that system (4) is SS. For x̃(0) = 0, the ∞ norm of (4) is given by

||C||∞ ≜ sup
i∈ℕ

sup
w∈i

||z∞||2,i||w||2,i .
We now present a nondegenerescence assumption on the transition probability matrix ℙ. This is a technical restriction

needed for the bounded-real lemma presented in Theorem 1 below, as required by Todorov et al,25 that is also used in
chapter 8 of the work of Dragan et al.4

Assumption 2. For all 𝑗 ∈ ℕ,
∑N

i=1 pi𝑗 > 0.

The following bounded-real lemma is adapted from theorem 7 of Todorov et al.25

Theorem 1. For a given 𝛾∞ > 0, consider the following statements.

a. System (4) is SS (that is,  ∈ ℭ), and ||C||∞ < 𝛾∞.
b. There exists Q ∈ ℍ2n+, Qi > 0, i ∈ ℕ, M̄(o) ∈ 𝕎2n+, S̄(o) ∈ 𝕎r+, for M̄(o)

i𝓁 > 0, S̄(o)
i𝓁 > 0, i ∈ ℕ, 𝓁 ∈ 𝕄i, and

N̄(o) ∈ 𝕎2n,r such that [
Qi 0
0 𝛾2

∞Ir

]
>

∑
𝓁∈𝕄i

𝛼i𝓁

[
M̄(o)

i𝓁 •
N̄(o)

i𝓁 S̄(o)
i𝓁

]
, (12)

[
M̄(o)

i𝓁 •
N̄(o)

i𝓁 S̄(o)
i𝓁

]
>

[
Ãi𝓁 J̃i𝓁

C̃ (∞)
i𝓁 0

]′ [
i(Q) 0

0 Ir

] [ Ãi𝓁 J̃i𝓁

C̃ (∞)
i𝓁 0

]
, (13)

holds for all i ∈ ℕ,𝓁 ∈ 𝕄i.
We get that (b) =⇒ (a), and if Assumption 2 holds, then (a) =⇒ (b).

From Theorem 1, we get that ||C||∞ = inf
Qi>0,𝛾∞ subject to (12)-(13)

𝛾∞. (14)

We may now state the main goal of this work, that is, finding  ∈ ℭ such that

inf
∈ℭ

𝑓 (𝛾2, 𝛾∞) ∶ (10) − (11) and (12) hold, (15)

where f(𝛾2, 𝛾∞) can be chosen according to the following options:

(i) 𝑓 (𝛾2, 𝛾∞) = 𝛾2
2 and 𝛾∞ is given (the mixed 2∕∞ control).

(ii) 𝑓 (𝛾2, 𝛾∞) = 𝛾2
∞ and 𝛾2 is given (the “inverse” mixed 2∕∞ control).

(iii) 𝑓 (𝛾2, 𝛾∞) = 𝑓2𝛾
2
2 + 𝑓∞𝛾2

∞ for given constants f2 ≥ 0 and f∞ ≥ 0.

The optimization problem as posed in (15) is nonlinear due to the products involving the controller  and the Lyapunov
matrices Pi and Qi. For the “pure” 2 and ∞ control and considering the case of perfect information of the Markov
chain, that is, �̂�(k) = 𝜃(k), problem (15) was shown to be a convex problem by Geromel et al5 for full-order and proper
controllers. However, for the case of partial information on 𝜃(k), there are few suboptimal results in the literature dealing
with the 2 or ∞ control. We consider in this work the separation procedure of Oliveira et al14 in which BMI conditions
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are derived and solved by providing stabilizing state-feedback controllers Ĉ�̂�(k) in order to obtain the remaining controller
matrices Â�̂�(k) and B̂�̂�(k).

4 MAIN RESULTS

4.1 The ∞ control
Consider the following inequalities, for all i ∈ ℕ, 𝓁 ∈ 𝕄i.[ Zi • •

Zi Xi •
0 0 𝛾2

∞I

]
>

∑
l∈𝕄i

𝛼i𝓁

⎡⎢⎢⎢⎣
M(o,1)

i𝓁 • •
M(o,2)

i𝓁 M(o,3)
i𝓁 •

N(o,1)
i𝓁 N(o,2)

i𝓁 S(o)
i𝓁

⎤⎥⎥⎥⎦ , (16)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

M(o,1)
i𝓁 • • • • •

M(o,2)
i𝓁 M(o,3)

i𝓁 • • • •
N(o,1)

i𝓁 N(o,2)
i𝓁 S(o)

i𝓁 • • •
i(Z)(Ai + BiK𝓁) i(Z)Ai i(Z)Ji i(Z) • •

G𝓁(Ai + BiK𝓁) + F𝓁Li + R𝓁 G𝓁Ai + F𝓁Li G𝓁Ji + F𝓁Hi 0 Her(G𝓁) + i(Z − X) •
C (∞)

i + D (∞)
i K𝓁 C (∞)

i 0 0 0 I

⎤⎥⎥⎥⎥⎥⎥⎥⎦
> 0. (17)

For (16) and (17), we set Z = (Z1, … ,ZN) ∈ ℍn, X = (X1, … ,XN) ∈ ℍn, M(o,1) = (M(o,1)
i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n,

M(o,2) = (M(o,2)
i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n, M(o,3) = (M(o,3)

i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n, N(o,1) = (N(o,1)
i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n,r,

N(o,2) = (N(o,2)
i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n,r, S(o) = (S(o)

i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎r, G = (G1, … ,GM) ∈ 𝕍n, K = (K1, … ,KM) ∈ 𝕍n,m,
F = (F1, … ,FM) ∈ 𝕍q,n, R = (R1, … ,RM) ∈ 𝕍n, and 𝛾2

∞ ∈ ℝ+. The space of variables of (16) and (17) is represented by

Γ(o) ≜ ℍn ×ℍn ×𝕎n ×𝕎n ×𝕎n ×𝕎n,r ×𝕎n,r ×𝕎r × 𝕍n × 𝕍n,m × 𝕍q,n × 𝕍n ×ℝ+.

An element 𝜓 (o) of Γ (o) is given by

𝜓 (o) = (Z,X ,M(o,1),M(o,2),M(o,3),N(o,1),N(o,2), S(o),G,K,F,R, 𝜐) ∈ Γ(o), (18)

with 𝜐 ≜ 𝛾2
∞ in (16). The set of all solutions of (16) and (17) is given by

Ψ(o) ≜ {𝜓 (o) ∈ Γ(o); the inequalities (16)-(17) hold}. (19)

Occasionally, it will be also convenient to fix some elements in 𝜓 (o) and allow the others to vary as decision variables in
(16)-(17). In that case, we use the notation Ψ(o)(V) where V will denote the elements in 𝜓 (o) that are fixed.

Theorem 2. Consider the following statements:

(i) There exists 𝜓 (o) ∈ Ψ(o).
(ii) There exists  ∈ ℭ such that ||C||∞ < 𝜐

1
2 .

We have that

a. (i) =⇒ (ii) by setting Â𝓁 = −G−1
𝓁 R𝓁 , B̂l = −G−1

𝓁 F𝓁 , and Ĉ𝓁 = K𝓁 .
b. If �̂� = 𝜃, then (ii) =⇒ (i).

Proof. In this proof we set, as in the works of Geromel et al5 and Gonçalves et al,28 the partitions for Qi > 0 and Q−1
i ,

with Qi as in (12), as follows:

Qi =
[

Xi U ′
i

Ui X̂i

]
, Q−1

i =
[

Z−1
i V ′

i
Vi Ŷi

]
, (20)

for X ∈ ℍn, X̂ ∈ ℍn, U ∈ ℍn, Z ∈ ℍn, Ŷ ∈ ℍn, V ∈ ℍn. Clearly we have that

XiZ−1
i + U ′

i Vi = I, XiV ′
i + U ′

i Ŷi = 0, UiZ−1
i + X̂iVi = 0, UiV ′

i + X̂iŶi = I. (21)
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We define also

Ti ≜

[
I I

ViZi 0

]
, Hi ≜

[
I i(X)
0 i(U)

]
. (22)

Let us prove (a), that is, (i) =⇒ (ii). For 𝜓 (o) ∈ Ψ(o) with 𝜓 (o) given as in (18), we note that Her(G𝓁) > i(X − Z)
due to (17). Considering the 2 × 2 block of (16) we get, after applying the Schur complement (Proposition 1) to the
left-hand side of (16) and multiplying the resulting inequality by pij and summing everything up for all 𝑗 ∈ ℕ, that
i(X − Z) > 0 for all i ∈ ℕ, 𝓁 ∈ 𝕄i, and thus Her(G𝓁) > 0 and so G𝓁 is nonsingular. Therefore, we get that
(see Proposition 2) G𝓁i(X − Z)−1G′

𝓁 ≥ Her(G𝓁)+i(Z−X), for all i ∈ ℕ,𝓁 ∈ 𝕄i, and (17) holds with Her(G𝓁)+i(Z−X)
substituted by G𝓁i(X − Z)−1G′

𝓁 . Set Qi and Q−1
i in (20) as follows:

Qi =
[

Xi U ′
i

Ui X̂i

]
=
[

Xi •
Zi − Xi Xi − Zi

]
, (23)

Q−1
i =

[
Z−1

i V ′
i

Vi Ŷi

]
=
[

Z−1
i •

Z−1
i Z−1

i + (Xi − Zi)−1

]
, (24)

where the second equality of (24) follows from (21). From (22), we have that

T ≜

[
I I

ViZi 0

]
=
[

I I
I 0

]
,

where the last equality follows from (24), and

Hi ≜

[
I i(X)
0 i(U)

]
=
[

I i(X)
0 i(Z − X)

]
.

We get, after setting R𝓁 = −G𝓁Ac𝓁 , F𝓁 = −G𝓁Bc𝓁 , and K𝓁 = Cc𝓁 , and applying the congruence transformation
diag(I2n, Ir,il, Ip∞) to

⎡⎢⎢⎢⎢⎢⎢⎢⎣

M(o,1)
i𝓁 • • • • •

M(o,2)
i𝓁 M(o,3)

i𝓁 • • • •
N(o,1)

i𝓁 N(o,2)
i𝓁 S(o)

i𝓁 • • •
i(Z)(Ai + BiK𝓁) i(Z)Ai i(Z)Ji i(Z) • •

G𝓁(Ai + BiK𝓁) + F𝓁Li + R𝓁 G𝓁Ai + F𝓁Li G𝓁Ji + F𝓁Hi 0 G𝓁i(X − Z)−1G′
𝓁 •

C (∞)
i + D (∞)

i K𝓁 C (∞)
i 0 0 0 I

⎤⎥⎥⎥⎥⎥⎥⎥⎦
> 0.

where

il ≜

[
i(Z)−1 I

0 G−T
𝓁 i(X − Z)

]
,

that (16) and the resulting inequality can be rewritten as follows:

[
T′

iQiTi •
0 𝛾2

∞Ir

]
>

∑
𝓁∈𝕄i

𝛼i𝓁

[
T′

iM̄
(o)
i𝓁 Ti •

N̄(o)
i𝓁 Ti S̄(o)

i𝓁

]
, (25)

⎡⎢⎢⎢⎢⎣
T′

iM̄
(o)
i𝓁 Ti • • •

N̄(o)
i𝓁 Ti S̄(o)

i𝓁 • •
H′

i Ãi𝓁Ti H′
i J̃i𝓁 H′

ii(Q)−1Hi •
C̃ (∞)

i𝓁 Ti 0 0 I

⎤⎥⎥⎥⎥⎦
> 0, (26)

for all i ∈ ℕ, l ∈ 𝕄i, where 𝛾2
∞ = 𝜐. Therefore, after applying the congruence transformations diag(T−1

i , Ir) and
diag(T−1

i , Ir,H
−1
i , Ip∞) to (25) and (26), and the Schur complement of the inequality that results from (26), we get

(12)-(13) with system matrices given in (5)-(6). From Theorem 1, we get that  ∈ ℭ and ||C||∞ < 𝛾∞.
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Let us now prove (b), that is, if �̂� = 𝜃, then (ii) =⇒ (i). Notice that �̂� = 𝜃 is equivalent to 𝛼ii = 1 for all i ∈ ℕ.
Since (ii) holds, we have from Theorem 1 with 𝛼ii = 1 and 𝛾2

∞ = 𝜐 that there exists Qi > 0, M̄(0)
i𝓁 > 0, S̄(o)

i𝓁 > 0, and
N̄(o)

i𝓁 such that (12)-(13) hold for  ∈ ℭ and system matrices given in (5) to (6). Consider the partitions for Qi and Q−1
i

as in (20) and the matrices Ti, Hi as in (22). By applying the congruence transformation diag(Ti, Ir) and the Schur
complement to (12) followed by the congruence transformation diag(Ti, Ir,Hi, Ip∞), we get that (25)-(26) hold with[

M(o,1)
ii •

M(o,2)
ii M(o,4)

ii

]
= T′

iM̄
(o)
ii Ti along with [ No,1

ii No,2
ii ] = N̄(o)

ii Ti, and S(o)
ii = S̄(o)

ii , as well as

H′
i ÃiiTi =

[
Ai + BiKi Ai

i(X)(Ai + BiKi) + FiLi + Ri i(X)Ai + FiLi

]
,H′

i J̃ii =
[

Ji
i(X)Ji + FiHi

]
,

and C̃ (∞)
ii Ti =

[
C (∞)

i + D (∞)
i Ki C (∞)

i

]
, where Ki ≜ CciViZi, Fi ≜ i(U)′Bci, and Ri ≜ i(U)′AciViZi; besides from (21) we

have that

T′
iQiTi =

[
Zi •
Zi Xi

]
as well as

H′
ii(Q)−1Hi =

[ [
i(X) − i(U)′i(X̂)−1i(U)

]−1 I
I i(X)

]
. (27)

It is clear that (25) and (16) are equivalent; thus, it remains to show that (26) implies (17). For that, considering the
discussion by Geromel et al,5 we get that [

U ′
𝑗
X̂−1
𝑗

U𝑗 U ′
𝑗

U𝑗 X̂𝑗

]
≥ 0

and thus by multiplying the last inequality by pij ≥ 0 and summing everything up for 𝑗 ∈ ℕ, we get that

[∑
𝑗∈ℕ pi𝑗U ′

𝑗
X̂−1
𝑗

U𝑗 i(U)′

i(U) i(X̂)

]
≥ 0.

By applying again the Schur complement and after straightforward manipulations, we get that i(X) −
i(U)′i(X̂)−1i(U) ≥

∑
𝑗∈ℕ pi𝑗[X𝑗 − U ′

𝑗
X̂−1
𝑗

U𝑗] and then, by recalling from (21) that Z𝑗 = X𝑗 − U ′
𝑗
X̂−1
𝑗

U𝑗 , we get that
i(Z)−1 ≥ [i(X) − i(U)′i(X̂)−1i(U)]−1 so that

⎡⎢⎢⎢⎢⎢⎢⎢⎣

M(o,1)
ii • • • • •

M(o,2)
ii M(o,3)

ii • • • •
N(o,1)

ii N(o,2)
ii S(o)

ii • • •
Ai + BiKi Ai Ji i(Z)−1 • •

i(X)(Ai + BiKi) + FiLi + Ri i(X)Ai + FiLi i(X)Ji + FiHi I i(X) •
C (∞)

i + D (∞)
i Ki C (∞)

i 0 0 0 I

⎤⎥⎥⎥⎥⎥⎥⎥⎦
> 0. (28)

By defining

i ≜

[
i(Z) −i(Z)

0 In

]
,

and applying the congruence transformation diag(I2n, Ir,i, Ip∞) to (28) with the aforementioned substitution, we get
that (17) holds with Gi = i(X − Z) and thus the claim follows.
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Theorem 2 provides a method for calculating the controller in terms of BMIs due to the products involving Zi and G𝓁

with K𝓁 . The nonlinearities involved in the decision variables renders the problem very hard to solve. To overcome that
issue, we will exploit the following property of (16)-(17), in a similar reasoning as applied by Oliveira et al.14,15 Considering
that 𝜓 (o) ∈ Ψ(o), we get by analyzing (17) that

⎡⎢⎢⎢⎢⎣
M(o,1)

i𝓁 • • •
M(o,2)

i𝓁 M(o,3)
il • •

N(o,1)
i𝓁 N(o,2)

il S(o)
il •

i(Z)Ai(K𝓁) i(Z)Ai i(Z)Ji i(Z)

⎤⎥⎥⎥⎥⎦
> 0

must hold, where Ai(K𝓁) ≜ Ai + BiK𝓁 . By applying the Schur complement to this inequality, and considering (16), we get
after straightforward manipulations that Z − (Z) > 0 with Ai𝓁 = Ai(K𝓁) for all i ∈ ℕ, 𝓁 ∈ 𝕄i. That is, if there exists 𝜓 (o)

such that 𝜓 (o) ∈ Ψ(o), then K stochastically stabilizes the pair (A,B) as in Definition 2. This properties suggests that, by
fixing a stochastically stabilizing state-feedback controller K in (16)-(17), we may be able to find the remaining controller
matrices. This method is known in the literature as a separation procedure, see, for instance, Oliveira et al,14,15 and is
summarized in the following corollary.

Corollary 1. Suppose that there exists a stochastically stabilizing state-feedback controller K such thatΨ(o)(K) ≠ ∅. Then,
for any 𝜓 (o) ∈ Ψ(o)(K) we have, after setting Â𝓁 = −G−1

𝓁 R𝓁 , B̂l = −G−1
𝓁 F𝓁 , and Ĉ𝓁 = K𝓁 , that  ∈ ℭ and ||C||∞ < 𝜐

1
2 .

Corollary 1 formalizes the separation procedure as follows. Choose K such that a solution for (16)-(17) can be found.
Given that solution, the final controller structure is composed by both K and the filter matrices Âl and B̂l. This procedure
has the advantage that the original problem is “convexified”, that is, by fixing K, the resulting problem is convex in the
decision variables. However, that comes at the cost of finding K such that (16)-(17) is feasible, and even if it is feasible,
we have no guarantee that this would be the best choice of K. As we are going to see in Algorithm 1 below, if Ψ(o)(K) ≠ ∅,
then we are able to use a type of coordinate descent algorithm that guarantees that the sequence of optimized bounds is
nonincreasing. Unfortunately, in the case where the choice of K leads to Ψ(o)(K) = ∅, then another state-feedback gain
must be given.

4.2 The 𝟐 Control
Following a similar procedure as we have done before, we now consider the 2 control taken from the work by
Oliveira et al.15 For that, consider the following inequalities:∑

i∈ℕ

∑
𝓁∈𝕄i

𝜇i𝛼i𝓁tr(Wi𝓁) < 𝛾2
2 , (29)

⎡⎢⎢⎣
Wi𝓁 • •

i(Y )Ji i(Y ) •
G𝓁Ji + F𝓁Hi 0 Her(G𝓁) + i(Y ) − i(T)

⎤⎥⎥⎦ > 0 , (30)

[
Yi •
Yi Ti

]
>

∑
𝓁∈𝕄i

𝛼i𝓁

[
M (2)

i𝓁 •
N (2)

i𝓁 S (2)
i𝓁

]
, (31)

⎡⎢⎢⎢⎢⎢⎢⎣

M (2)
i𝓁 • • • •

N (2)
i𝓁 S (2)

i𝓁 • • •
i(Y )(Ai + BiK𝓁) i(Y )Ai i(Y ) • •

G𝓁(Ai + BiK𝓁) + F𝓁Li + R𝓁 G𝓁Ai + F𝓁Li 0 Her(G𝓁) + i(Y ) − i(T) •
C (2)

i + D (2)
i K𝓁 C (2)

i 0 0 I

⎤⎥⎥⎥⎥⎥⎥⎦
> 0, (32)

for all i ∈ ℕ, 𝓁 ∈ 𝕄i. We set Y = (Y1, … ,YN) ∈ ℍn, T = (T1, … ,TN) ∈ ℍn, W = (Wi𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎r, M(2) =
(M (2)

i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n, N(2) = (N (2)
i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n, S(2) = (S (2)

i𝓁 , i ∈ ℕ,𝓁 ∈ 𝕄i) ∈ 𝕎n, G = (G1, … ,GM) ∈ 𝕍n,
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K = (K1, … ,KM) ∈ 𝕍n,m, F = (F1, … ,FM) ∈ 𝕍q,n, R = (R1, … ,RM) ∈ 𝕍n, and 𝛾2
2 ∈ ℝ+. The space of variables of

(29)-(32) is represented by

Γ(2) ≜ ℍn × ℍn ×𝕎r ×𝕎n ×𝕎n ×𝕎n × 𝕍n × 𝕍n,m × 𝕍q,n × 𝕍n ×ℝ+,

and an element of Γ(2) is given by

𝜓 (2) = (Y ,T,W ,M(2),N(2), S(2),G,K,F,R, 𝜍) ∈ Γ(2), (33)

with 𝜍 ≜ 𝛾2
2 in (29). The set of all solutions of (29)-(32) is given by

Ψ(2) ≜ {𝜓 (2) ∈ Γ(2); the inequalities (29)-(32) hold}. (34)

The next theorem is taken from the work of Oliveira et al.15

Theorem 3. Consider the following statements:

(i) There exists 𝜓 (2) ∈ Ψ(2).
(ii) There exists  ∈ ℭ such that ||C||2 < 𝜍 1

2 .

We have that

a. (i) =⇒ (ii) by setting Â𝓁 = −G−1
𝓁 R𝓁 , B̂l = −G−1

𝓁 F𝓁 , and Ĉ𝓁 = K𝓁 .
b. If �̂� = 𝜃, then (ii) =⇒ (i).

Proof. It follows a similar reasoning as used in the proof of Theorem 2. More details can be found in the work of
Oliveira et al.15

Similarly as pointed out in (16) and (17) regarding the stabilizing state-feedback controllers, if there exists𝜓 (2) such that
𝜓 (2) ∈ Ψ(2), then K stochastically stabilizes the pair (A,B). The2 separation procedure then is stated in the next corollary.

Corollary 2. Suppose that there exists a stochastically stabilizing state-feedback controller K such thatΨ(2)(K) ≠ ∅. Then,
for any 𝜓 (2) ∈ Ψ(2)(K) and have, after setting Â𝓁 = −G−1

𝓁 R𝓁 , B̂l = −G−1
𝓁 F𝓁 , and Ĉ𝓁 = K𝓁 , that  ∈ ℭ and ||C||2 < 𝜍 1

2 .

4.3 The mixed 𝟐∕∞ control
From Theorem 2, we note that the variables G, K, F, and R, that retrieve the dynamic controller, are elements of both
solutions 𝜓 (2) and 𝜓∞ (see (18) and (33)). Bearing that in mind, we define Γ ≜ ℍn ×ℍn ×𝕎n ×𝕎n ×𝕎n ×𝕎n,r ×𝕎n,r ×
𝕎r × 𝕍n × 𝕍n,m × 𝕍q,n × 𝕍n ×ℝ+ × ℍn ×ℍn ×𝕎r ×𝕎n ×𝕎n ×𝕎n ×ℝ+, along with

𝜓 = (Z,X ,M(o,1),M(o,2),M(o,3),N(o,1),N(o,1), S(o),G,K,F,R, 𝜐,Y ,T,W ,M(2),N(2), S(2), 𝜍), (35)

Ψ ≜ {𝜓 ∈ Γ; the inequalities (16) − (17) and (29) − (32) hold}. (36)

Similarly as before, we use the notation Ψ(V) for V that denotes the elements in 𝜓 that are assumed to be fixed. We can
state the following approximation for problem (15):

inf
𝜓∈Ψ()

𝑓 (𝜍, 𝜐) (37)

where we recall that 𝜍 = 𝛾2
2 and 𝜐 = 𝛾2

∞ and  is the set of fixed variables of (36). Considering the bilinearities involved in
(16)-(17) as (29)-(32), we are able to propose Algorithm 1 below, presented for the mixed 2∕∞ control, but that could
be easily adapted for the other cases, such as the pure 2 and ∞ cases. Consider prespecified stopping parameters 𝜖 > 0,
tmax and f−1 = 0. We have the following proposition.
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Proposition 3. Consider Algorithm 1. If there exists a stabilizing K solution for Step 1 and problem (37) in Step 2 is
feasible for t = 0, then problems (37) for Step 2 and Step 3 are feasible for all t ≥ 0. Moreover, we have that 𝑓 (t−1) ≥ 𝑓 (t) ≥

𝑓 (t) for t = 1, 2, … .

Proof. In Step 2 for t ≥ 0, by fixing K, we have that (17) and (32) are linear with respect to
(Z,X,M(o,1),M(o,2),M(o,3),N(o,1),N(o,1), S(o),G,F,R, 𝜐,Y,T,W,M(2),N(2), S(2), 𝜍). Considering the assumption thatΨ(K) ≠
∅ for t = 0, then for t ≥ 1, due to the solution of problem (37) derived in Step 3 in the previous iteration t − 1,
it follows that 𝑓 (t−1) ≥ 𝑓 (t). For Step 3 and t ≥ 0, when we fix G,Z,Y, we have that (17) and (32) are LMIs with
respect to (X,M(o,1),M(o,2),M(o,3),N(o,1),N(o,1), S(o),K,F,R, 𝜐,T,W,M(2),N(2), S(2), 𝜍) and problem (37) is feasible due to
the solution of problem (37) derived in Step 2 at iteration t; thus, it follows that 𝑓 (t) ≥ 𝑓 (t).

There are some special features in Algorithm 1. The first one is that any solution of Steps 2 or 3 provides a different
feasible controller, since the variables F and R are never fixed. Note also that (37) and Algorithm 1 can be easily adapted
to cope with the “pure” 2 and ∞ control.

Remark 4 (Computational complexity). Concerning the computational complexity of solving (37) through
Algorithm 1, by fixing the state-feedback gain K at Step 1 of Algorithm 1, we get that (16) and (17) and (29) to (32)
become LMIs in the decision variables, which presents polynomial-time complexity (see, for instance, the works of
Blondel et al,29 Gahinet et al,17 and Boyd et al.30 In a closer analysis, considering the case N = M and that 𝛼i𝓁 > 0 for
all i ∈ ℕ, 𝓁 ∈ 𝕄i, we have N(M + 1) restriction concerning the ∞ control in (16)-(17), and N(2M + 1) + 1 restriction
for the 2 control in (29)-(32). In addition, for the ∞ control, we have 2N(M + 1) symmetric matrix variables of size
n×n (Zi,Xi,M(o,1)

i𝓁 ,M(o,3)
i𝓁 ), NM symmetric matrix variables of size r× r (S(o)

i𝓁 ), M(N+2) full matrix variables of size n×n
(G𝓁 ,R𝓁 ,M(o,2)

i𝓁 ), M full matrix variables of size n × q (Fl), and 2NM full matrix variables of size r × n (N(o,1)
i𝓁 ,N(o,2)

i𝓁 ), and
one scalar variable if 𝜐 is considered as such. For the 2 control, we have 2N(M + 1) symmetric matrix variables of
size n × n (Yi,Ti,M (2)

il , S
(2)
il ), NM symmetric matrix variables of size r × r (Wil), M(N + 2) full matrix variables of size

n×n (Gl,Rl,N (2)
il ), M full matrix variables of size n× q (Fl), and one scalar variable 𝜍 if it is considered in the objective

function. Finally, for the mixed 2∕∞ control, we get that the variables (Gl,Rl,Fl) are shared in conditions (16)-(17)
and (29)-(32). The calculations for the second step of Algorithm 1 follows the same reasoning and are omitted.

5 ILLUSTRATIVE EXAMPLES

For all numerical evaluations, we use MATLAB R2014b with LMILAB (see for instance, the work of Gahinet et al17).
The example in Section 5.1 consists of an unstable MJLS for which we calculate 2 and ∞ controllers by varying the
detection probabilities 𝛼il. In Section 5.2, we study the mixed 2∕∞ control for a VTOL aircraft.

5.1 Simple MJLS
We consider a simple unstable MJLS for illustrating the behavior of the ∞ control with respect to the detection
probabilities 𝛼il. We set ℕ = {1, 2}, that is, two modes of operation that switch with the following transition probabilities:

ℙ =
[

0.9 0.1
0.8 0.2

]
, 𝜇′ =

[
0.8889
0.1111.

]
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The system matrices are given by

A1 =
[

1.4 0.1
0 0.5

]
,A2 =

[
0.9 0
0.3 1.2

]
, J1 =

[
0.5 0 0
0 0.4 0

]
, J2 =

[
1.0 0 0
0 0.8 0

]
,B1 =

[
2
1

]
,B2 =

[
0
0,

]
where A1 and A2 are Schur unstable, and sensor matrices given by

L1 = [ 1 0 ],L2 = [ 0 1 ],H1 = H2 = [ 0 0 1 ].

Regarding only the 2 control, we set the following weight matrices:

C (2)
1 =

[
1 −1
0 0

]
,C (2)

2 =
[

1 0
0 0

]
,D (2)

1 = D (2)
2 =

[
0
1

]
and concerning the ∞ control, we set

C (∞)
1 =

[ 1 0
0 1
0 0

]
,C (∞)

2 =

[ 0 1
1 0
0 0

]
,D (∞)

1 = D (∞)
2 =

[ 0
0
1

]
.

We consider that the detection matrix has the following structure:

Υ =
[

𝜌 1 − 𝜌
1 − 𝜌 𝜌

]
for 𝜌 ∈ [ 0.5 1.0 ]. Note that the extreme cases 𝜌 = 1 retrieves the mode-dependent case, whereas 𝜌 = 0.5 retrieves the
mode-independent case (see, for instance, the work of Costa et al10 and Oliveira et al,24 along with Remark 1). We first
investigate these two aforementioned situations.

For the∞ control ( f(𝜍, 𝜐) = 𝜐 in (37), without imposing the restriction on the2 norm), we obtain K through Lemma 2
of Oliveira et al31 bearing in mind the aforementioned cases 𝜌 = 0.5 and 𝜌 = 1.0. We use the following notation: 𝜐(0) is the
∞ cost obtained in the first step of Algorithm 1, 𝜐∗ is the cost after applying Algorithm 1 for the chosen values 𝜖 and tmax,
and ||C||2∞ is the square of the ∞ norm of the closed-loop system. We set 𝜖 = 1e−5 in Algorithm 1, that is, we impose
that Algorithm 1 reduces the objective function in, at least, 0.001 % between two successive iterations. The value of 𝜖 is a
designer choice related to how much we want to decrease the objective function in each step, bearing in mind that there
exists a trade-off between the number of iterations (computational time) and 𝜖. The smaller the value of 𝜖 is, the greater
the number of iterations are.

For the mode-independent case (𝜌 = 0.5), we get that 𝜐(0) = 2756.2, 𝜐∗ = 225.5, and ||C||2∞ = 217.9. Thus, we get
a very important reduction of 𝜐∗ with respect to 𝜐(0) (on the order of 12 times), and furthermore, the upper bound 𝜐∗ is
only 3.5 % greater than ||C||2∞, which represents a small conservatism between the real ∞ norm value and the upper
bound value. The number of iterations needed for attain this value for 𝜖 = 1e−5 is t = 338 and, in this case, the controller
converges numerically (considering the finite solver precision). Considering the mode-dependent case (𝜌 = 1.0), we get
𝜐(0) = 15.2 and ||C||2∞ = 𝜐∗ = 12.9. It is a well-known fact of the ∞ control theory that the optimal ∞ state-feedback
controller is not necessarily part of the optimal ∞ dynamic output feedback controller (see, for instance, the work of
Doyle et al16). This is clear from the values that we have obtained since the optimal ∞ state-feedback gain used in the
first steps of Algorithm 1 yielded to an upper bound value 𝜐(0) = 15.2, that is greater than the optimal value ||C||2∞ =
𝜐∗ = 12.9 calculated in the last iteration. Since 𝜌 = 1, we get that �̂� = 𝜃, and then the result in Theorem 2 becomes
also necessary, which yields to a less conservative solution. In fact, we obtained that the ∞ dynamic output feedback
controller calculated through Algorithm 1 converges in this case to the optimal solution obtained in Geromel et al5 in 10
iterations for 𝜖 = 1e−5.

For the 2 control, we calculate K through Lemma 1 of Oliveira et al31 for 𝜌 = 0.5 and 𝜌 = 1.0 and use it as an input to
Algorithm 1. The notation is as follows. 𝜍(0) represents the 2 cost at the first step of Algorithm 1, 𝜍∗ represents the final
cost when the stopping conditions of Algorithm 1 are fulfilled, and ||C||22 is the square of the 2 norm of the closed-loop
system, and we again set 𝜖 = 1e−5 in Algorithm 1.

For the mode-independent case (𝜌 = 0.5), we get that 𝜍(0) = 44.5, 𝜍∗ = 13.8, and ||C||22 = 12.3. We note an important
reduction on 𝜍∗ with respect to 𝜍(0) on the order of three times the original value. Besides, we get that 𝜍∗ is 12 % greater than
the actual 2 norm. For 𝜖 = 1e−5, we get that the number of iterations is given by 833. Finally, for the mode-dependent
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FIGURE 1 𝜐∗ (continuous-line) and ||C||2∞ (dashed line) against 𝜌
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case (𝜌 = 1.0), we get 𝜍(0) = ||C||22 = 5.1. This is expected, since considering the 2 separation principle of MJLS (see,
for instance, the work of Costa et al,2), the 2 optimal state-feedback controller is part of the structure of the optimal 2
dynamic output feedback controller (see also the discussion by Oliveira et al15). In Figure 1, we present the behavior of the
∞ norm and its upper bound by applying Algorithm 1 and plotting the curve of 𝜐∗ and ||C||2∞ against 𝜌, with 𝜌 varying
in [ 0.5 1.0 ]. For the curve shown in Figure 1, the mean number of iterations for 𝜖 = 1e−5 is given by 305, the minimum
value is 10, and the maximum value is given by 717.

5.2 VTOL aircraft
We consider a discretized version (ZOH T = 100 ms) of the dynamic model of a VTOL aircraft taken from the work of
Zhang et al,32 whose states are the horizontal velocity x1, the vertical velocity x2, the pitch rate x3, and the pitch angle x4.
The control inputs are the blade angle of collective pitch control u1 and blade angle of longitudinal cyclic pitch control
u2. The nominal matrices are given by

Ad =
⎡⎢⎢⎢⎣

0.9964 0.0026 −0.0004 −0.0460
0.0045 0.9037 −0.0188 −0.3834
0.0098 0.0339 0.9383 0.1302
0.0005 0.0017 0.0968 1.0067

⎤⎥⎥⎥⎦ ,Bd =
⎡⎢⎢⎢⎣

0.0445 0.0167
0.3407 −0.7249

−0.5278 0.4214
−0.0268 0.0215

⎤⎥⎥⎥⎦ ,Ld = [ I2 02 ],

that is, the controller has access only to the velocities x1 and x2 that are subject to measurement noise

Hd =
[

1
1

]
[ 0 0 0 0 1 ].

Similarly as in the work of Zhang et al,32 the actuators are subject to faults modeled as a percentage of reduction in
effectiveness 𝜎. There are two modes of operations, 𝜃(k) = 1 (𝜎 = 0) is the nominal mode of operation, B1 = (1−𝜎)Bd = Bd,
L1 = Ld, and H1 = Hd; and 𝜃(k) = 2 (𝜎 = 0.5), that is, B2 = 0.5Bd, L2 = 0.5Ld, and H2 = Hd. We set Ai = Ad for all i ∈ ℕ.
The transition probability matrix in this case is given by

ℙ =
[

0.6 0.4
0.7 0.3

]
and the initial distribution 𝜇i is taken as the limiting distribution 𝜈i = [ 0.6364 0.3636 ]. We also consider that the states
are subject to noise by setting Ji = [ I4 04×1 ], for all i ∈ ℕ. We set

C (2)
i = C (∞)

i =
[

I4
02×4

]
,D (2)

i = D (∞)
i =

[
I2

04×2.

]
We assume that the detector follows the conditional probability matrix:

Υ =
[

0.9 0.1
0.1 0.9.

]
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FIGURE 2 Trade-off curve of 𝜍∗ = 𝛾2
2 (full black line) and ||C||22 (dashed black line)

against 𝜐 = 𝛾2
∞. The 2 and ∞ norms of the pure 2 controller are represented in

dashed grey line

Solving the pure2 and∞ controls by using Lemmas 1 and 2, respectively, in the work of Oliveira et al31 and Algorithm 1
with 𝜖 = 2.5e−4 and kmax = 2000, we get 𝜍(0) = 112.98, 𝜍∗ = 112.60, ||C||22 = 112.56, and ||C||2∞ = 1719 for the 2 control,
and 𝜐(0) = 53035, 𝜐∗ = 907.7, ||C||2∞ = 893.2, and ||C||22 = 356.95, for the ∞ control. We point out that the upper bound
of the ∞ control was greatly reduced.

Now, for the mixed 2∕∞ control, we set f(𝜍, 𝜐) = 𝜍 in (37) and solve the conditions of Theorem 6 in the work of
Oliveira et al31 and use the calculated K as an input to Algorithm 1 for 𝛾2

∞ = 𝜐 ∈ [ 950 2700 ]. The result is shown in
Figure 2. First, we note that since we set C (2)

i = C (∞)
i and D (2)

i = D (∞)
i and used Theorem 6 of the work by Oliveira et al31

for calculating K as an input, then K converges to the pure 2 controller as 𝛾∞ → ∞ (see Proposition 4 of the work by
Oliveira et al31), and so does the dynamic controller. This is illustrated by the dashed grey and black lines where ||C||22
converges to 112.56. Besides, the vertical dashed grey line imposes a threshold in terms of ∞ control, since it is the
∞ norm of the closed-loop system using the pure 2 control. Then, all the points to the left of that line will lead us to
improved ∞ costs at the expense of greater 2 norms. The final choice of the designer depends on how much the 2
norm is allowed to increase. Consider that the new ||C||22 should be approximately 5 % of the pure 2 control. In this
case, a reasonable choice would be setting 𝜐 = 1339, leading to 𝜍∗ = 144.8, ||C||22 = 119.5 and ||C||∞ = 1132.1, that
corresponds to an increase of 6 % in the 2 cost and a decrease of 34 % in the ∞ costs. The final controller is given by

K1 =
[
−1.0011 0.1492 0.8323 1.2604
−0.2470 0.6799 0.0980 −0.3982

]
(38)

K2 =
[
−0.7623 −0.2842 0.6923 1.1652
−0.0473 0.4177 −0.0398 −0.5696

]
(39)

and

Ac1 =
⎡⎢⎢⎢⎣

0.3466 0.0346 0.0603 0.0620
−0.0350 −0.6207 0.2147 0.3553

0.3733 0.9142 0.5156 −0.7312
−0.0068 0.8349 0.0733 0.9862

⎤⎥⎥⎥⎦ ,Ac2 =
⎡⎢⎢⎢⎣

0.7266 0.0422 0.0827 0.0070
−0.0807 −0.0638 0.1668 0.1241

0.1638 0.7040 0.7276 −0.3558
−0.1008 0.5693 0.0753 0.9417

⎤⎥⎥⎥⎦ (40)

along with

Bc1 =
⎡⎢⎢⎢⎣

0.5896 0.0795
−0.1443 1.0684

0.0940 −0.6644
0.0253 −0.7913

⎤⎥⎥⎥⎦ ,Bc2 =
⎡⎢⎢⎢⎣

0.3066 0.1282
−0.1246 1.2077

0.0729 −0.7185
0.1826 −1.0148.

⎤⎥⎥⎥⎦ (41)

We now perform a Monte Carlo simulation of 5000 rounds by applying a wide sense white noise sequence to the
closed-loop system for x̃(0) = 0, as explained in Remark 3, with the controller shown in (38)-(41), and one simulation of
the unstable open-loop system, for x(0) = 0. The resulting curves are shown in Figure 3. We note that the open-loop trajec-
tory in Figure 3 (full grey line) diverges, as expected, since the system is unstable. In addition, for the closed-loop system,
the value of E(||z2(k)||2) converges to the 2 norm, ||C||22 = 119.5, for k → ∞ as discussed in Remark 3. We also point out
that the gap between 𝜍∗ = 144.8 and ||C||22 = 119.5, also seen in Figure 2, shows the conservatism of the mixed 2∕∞
control conditions. This is explained due to the fact that we impose the same variables G, R, K, and F in (16) and (17) and
(29) to (32). However, it must be pointed out that due to the fact that we use slack variables instead of fixing the Lyapunov
matrices P and Q, then we are able to obtain a better performance in terms of upper bound values than employing the
usual approximation of the mixed 2∕∞ control (see, for instance, the discussion presented by Oliveira et al33).
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FIGURE 3 Monte Carlo time simulation of 5000 rounds of the closed-loop system
for w taken as a wide sense white noise sequence with x̃(0) = 0, and one trajectory of
the open-loop system with x(0) = 0: E(||z2(k)||2) (full black line for the closed-loop
system and full grey line for the open-loop system), standard deviation 𝜎 (full grey
line), 𝜍∗ (dashed black line), and 2 norm (dashed grey line) of the closed-loop
system
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6 CONCLUSION

We investigated the design of dynamic output feedback controllers in a context of partial information of both x and 𝜃. We
proposed an iterative approach for the 2, ∞, and mixed 2∕∞ control considering that the only available information
of the Markov chain is provided by a detector in the context of HMCs. Due to the HMC formulation properties, we are also
able to obtain mode-dependent, clusterized, and mode-independent controllers. Two illustrative examples are provided
showing that the dynamic controllers can achieve a very small conservatism, even for the mode-independent case.

Considering possible future directions of this work, we can mention practical applications involving the implementation
of hidden MJLS controllers such as the one presented in the illustrative example, or in NCSs. Another point of interest
would be to consider different performance indexes in the optimization problem such as the 𝓁∞ index of Song et al34 or
the − index of Li et al35 and Liu et al.36
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